
Time evolutions of quantum systems 
and quantum Zeno effect

Paul Scherrer Institut, 19 April 2024

Saverio Pascazio 
Dipartimento di Fisica and INFN 

Bari, Italy



Zeno of Elea

At any given moment it is in a space equal 
to its own length, and therefore is at rest at 
that moment. So, it is at rest at all 
moments. The sum of an infinite number 
of these positions of rest is not a motion.

Zeno was an Eleatic philosopher, a native of 
Elea in Italy, son of Teleutagoras, and the 
favorite disciple of Parmenides. He was 
born about 488 BC, and at the age of forty 
accompanied Parmenides to Athens 

The flying arrow is at rest.

http://www-gap.dcs.st-and.ac.uk/~history/PictDisplay/Zeno_of_Elea.html
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Archimedes



Quantum Zeno effect
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quantum system 
Hamiltonian 

Schrödinger equation

A(t) = h 0| (t)i = h 0|e�iHt| 0i
p(t) = |A(t)|2 = |h 0|e�iHt| 0i|2

<latexit sha1_base64="KbSnl6f7Wdb3mz40JRvTNi5oziY="></latexit>

survival amplitude and probability 
(always valid; both in QM and QFT)
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Misra and Sudarshan 1977



always valid, also for “unstable” systems
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Experimental proposal: neutron spin

P., Namiki, Badurek, Rauch, Phys. Lett. A 169, 155 (1993)
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Quantum Zeno effect

many experiments on many physical systems 
(and applications: quantum control)



A consequence of general principles of 
quantum physics 

A quantum measurement perturbs the 
system under observation 

And entails a projection (“collapse”) of 
the wave function 

Projection onto the state that is the 
outcome of the measurement

Quantum Zeno effect



A(t) = h 0| (t)i = h 0|e�iHt| 0i
p(t) = |A(t)|2 = |h 0|e�iHt| 0i|2
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Fourier/Laplace transform

self-energy function

Bromwich path

E
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Araki etal (1957), Schwinger 1960

Epole � !0 � ⌃II(Epole) = 0
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Weisskopf-Wigner

P (t) ' |Apole(t)|2 = Ze��t

Z = |1� ⌃0
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wave-function renormalization

= Apole(t) +Acut(t)
<latexit sha1_base64="iM0JjHAdUpc1Q0EEuvT6ZwJnELI=">AAACHXicbVDLSgNBEJyNrxhfqx69DAYhIoRNDOhFiHrxGME8ILsss5PZZMjsg5leISz5ES/+ihcPinjwIv6Ns0kQTSxoKKq66e7yYsEVWNaXkVtaXlldy68XNja3tnfM3b2WihJJWZNGIpIdjygmeMiawEGwTiwZCTzB2t7wOvPb90wqHoV3MIqZE5B+yH1OCWjJNWsXdkBgQIlIL8duassAx5Fg4xIcnyw4NIHMwK5ZtMrWBPiHVOZJEc3QcM0PuxfRJGAhUEGU6lasGJyUSOBULyvYiWIxoUPSZ11NQxIw5aST78b4SCs97EdSVwh4ov6eSEmg1CjwdGd2sJr3MvE/r5uAf+6kPIwTYCGdLvITgSHCWVS4xyWjIEaaECq5vhXTAZGEgg60oENYeHmRtKrlymm5elsr1q9mceTRATpEJVRBZ6iOblADNRFFD+gJvaBX49F4Nt6M92lrzpjN7KM/MD6/AVJZogg=</latexit>

“small”
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wave-function  
renormalization



fast tutorial Im E E

Re E

complex energy plane

energy shift

inverse lifetime

Schwinger (simple poles);  
Araki et al (proof of Fermi “Golden rule”)

stable state

�/2
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in general
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A(t) = Apole(t) +Acut(t)

P (t) ' |A(t)|2
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therefore
Zeno 

Z (wf renormalisation) 

pole + cut 

what else? 



Paley and Wiener
Z +1

�1

| log p(t)|
1 + t2

dt < +1
<latexit sha1_base64="BdLR4cl0rUjVr8+OcxIpFgwmn0o="></latexit>

incompatible with p(t) ⇠ e�↵t�
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if spectrum of H bounded from below
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O(λ2)
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O(1)

O(λ2)
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P(t
~
)

O(log(1/λ))

O(λ4η+4)

at transition, initial state heavily depleted!

exp exp
power

(say, 100 lifetimes!)
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Femtosecond wg writing

Buried optical waveguides are directly fabricated by 
translation of the sample along the desired path.

THE PROCESS

Femtosecond laser pulses are focused in 
the bulk of a transparent, dielectric 
material.

● Nonlinear absorption  generates a 
seed of free electrons, multiplied by 
avalanche.

● Energy transfer to the lattice causes a 
permanent and localized refractive 
index modification.
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experiment (Sciarrino +  
Crespi and Osellame)
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From the Quantum Zeno to the Inverse Quantum Zeno Effect
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The temporal evolution of an unstable quantum mechanical system undergoing repeated measurements
is investigated. In general, by changing the time interval between successive measurements, the decay
can be accelerated (inverse quantum Zeno effect) or slowed down (quantum Zeno effect), depending on
the features of the interaction Hamiltonian. A geometric criterion is proposed for a transition to occur
between these two regimes.

DOI: 10.1103/PhysRevLett.86.2699 PACS numbers: 03.65.Xp

The temporal evolution of the survival probability of a
quantum mechanical unstable system is characterized by
a short-time quadratic behavior, an intermediate approxi-
mately exponential decay, and a long-time power tail [1].
The short-time region has attracted the attention of physi-
cists since quite some time ago, because it leads, under
particular conditions, to the quantum Zeno effect (QZE)
[2], by which frequent observations slow down the evo-
lution. However, it has recently been pointed out that by
exploiting the short-time features of the quantal evolution
one can also accelerate the decay [3–6]. We will call this
phenomenon inverse quantum Zeno effect (IZE).

In this Letter we shall analyze how the Zeno–inverse
Zeno transition takes place when the frequency of obser-
vations is changed. For an oscillating quantum mechanical
system, whose Poincaré time is finite, it is not difficult to
obtain a QZE. On the other hand, when the system is un-
stable, the situation is much more interesting and involved:
in general, one can obtain both a QZE or an IZE depending
on the features of the interaction Hamiltonian.

Let us summarize the main features of the QZE. Pre-
pare, at t ! 0, a quantum system in some (normalizable)
initial state. A QZE typically arises if one performs a series
of “measurements,” at time intervals t, in order to ascer-
tain whether the system is still in its initial state. If P!t"
denotes the undisturbed survival probability in the initial
state, after the Nth measurements the survival probability
reads

P!N"!t" ! P!t"N # exp$2g!t"t% , (1)

where t ! Nt is the total duration of the experiment and
we have introduced an effective decay rate g!t", which is
defined through the last equality. Notice that the far right-
hand side (rhs) represents an exponential “interpolation” of
P!N"!t" and that g is in general t dependent: for example,
if the short-time behavior is P!t" & exp!2t2't2

Z", where
tZ is the so-called Zeno time, given by the energy dis-
persion in the initial state, one easily checks that g!t" &
t't2

Z. Moreover, one expects to recover the “natural” life-
time g21

0 , in agreement with the Fermi “golden” rule, for
sufficiently long time intervals t. Equation (1) is valid
; t ! Nt and therefore, in particular, for t ! t (namely,
when a single measurement is performed: N ! 1). Hence

exp$2g!t"t% ! P!t" ! jx!t"j2, (2)

so that g!t" is the decay rate of an exponential curve that
intersects the undisturbed survival probability exactly at
time t [1,7]. In Eq. (2), x!t" is the survival amplitude in
the initial state. From Eq. (2) one gets the handy formula

g!t" ! 2
1
t

lnP!t" ! 2
2
t

lnjx!t"j ! 2
2
t

Re$lnx!t"% ,

(3)

expressing the effective lifetime in terms of the free sur-
vival probability or amplitude.
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We now ask whether it is possible to find a time t! such
that

g!t!" ! g0 . (4)

If such a time exists, then by performing measurements at
time intervals t! the system decays according to its natural
lifetime, as if no measurements were performed. Figure 1
illustrates an example in which such a time exists: if the
curves e2g0t and P!t" intersect, their intersection is at t!.
[Notice that there can be more than one intersection; i.e.,
Eq. (4) can have more solutions, e.g., if P!t" oscillates
around e2g0t [8]. In such a case, t! is defined as the
smallest solution.] It is apparent that if t , t! one obtains
a QZE. Vice versa, if t . t!, one obtains an inverse Zeno
effect. In this sense, t! can be viewed as a transition
time from a quantum Zeno to an inverse Zeno regime.
Paraphrasing Misra and Sudarshan [2], we can say that
t! determines the transition from Zeno (who argued that a
sped arrow, if observed, does not move) to Heraclitus (who
replied that everything flows). We shall see that in general
it is not always possible to determine t!: Eq. (4) may have
no finite solutions. This depends on several features of the
evolution law and will be discussed in the following.

We shall work in a quantum field theoretical framework.
Consider the Hamiltonian (h̄ ! 1)

H ! H0 1 Hint ! vaja# $aj 1
Z

dv vjv# $vj

1
Z

dv g!v" !ja# $vj 1 jv# $aj" , (5)

where $a j a# ! 1, $a jv# ! 0, and $v jv0# !
d!v 2 v0". It describes the interaction of a normalizable
(discrete) state ja# (the initial state) with a continuum
of states jv# into which it can decay; g!v" (taken real
for simplicity) is the form factor of the interaction. The
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1

FIG. 1. (a) Determination of t!. The full line is the survival
probability, the dashed line the exponential e2g0t , and the dotted
line the asymptotic exponential Ze2g0t [see Eq. (10) in the fol-
lowing]. (b) Quantum Zeno vs inverse Zeno effect. The dashed
line represents a typical behavior of the survival probability P!t"
when no measurement is performed: the short-time Zeno region
is followed by an approximately exponential decay with a natu-
ral decay rate g0. When measurements are performed at time
intervals t, we get the effective decay rate g!t". The full lines
represent the survival probabilities and the dotted lines their ex-
ponential interpolations, according to (1). For t1 , t! , t2
the effective decay rate g!t1" %g!t2"& is smaller (QZE) [larger
(IZE)] than the “natural” decay rate g0. When t ! t! one re-
covers the natural lifetime, according to (4).

survival amplitude and probability of finding the system
still in the initial state ja# at t . 0 read

x!t" ' $a jc!t"#, P!t" ! jx!t"j2, (6)

respectively, where jc!t"# is the state at time t, whose evo-
lution is naturally restricted to the Tamm-Duncoff sector
spanned by (ja#, jv#). The survival amplitude is conve-
niently written as the inverse Fourier-Laplace transform of
the propagator x!E" ! i$aj!E 2 H"21ja#,

x!t" !
Z

B

dE
2p

e2iEtx!E",

x!E" !
i

E 2 va 2 S!E"
,

(7)

where the Bromwich path B is a horizontal line ImE !
const . 0 in the half plane of analyticity of the transform
(upper half plane) and the self-energy function S!E" is
expressed in terms of the form factor

S!E" !
Z

dv
j$ajHintjv#j2

E 2 v
!

Z

dv
g2!v"

E 2 v
. (8)

A straightforward analysis in terms of the resolvent of the
Hamiltonian yields

x!t" !
p
Z e2g0t*22ia!t" 1 xcut!t",

Z ! j1 2 S0!Epole"j22,
(9)

where the exponential term (first term) is due to the con-
tribution of a simple pole Epole on the second Riemann-
ian sheet in the complex energy plane, while the second
term is the result of a contour integration [1]. The lifetime
g21

0 is given by the Fermi golden rule, computed accord-
ing to the Weisskopf-Wigner approximation. The quantity
Z is the square of the residue of pole of the propagator
(yielding wave function renormalization in quantum field
theory) and a a (real) linear function of time. Note that,
although for a stable state Z , 1 (due to probability con-
servation in the Källén-Lehmann representation), for an
unstable state Z is unconstrained. The cut contribution is
of order !coupling constant"2 and modifies the exponential
law both at short and long times, yielding the characteristic
quadratic and power-law behaviors. The survival probabil-
ity reads then

P!t" ! jx!t"j2 ! Ze2g0t 1 other terms. (10)

The above results are of general validity.
The following theorem holds: in general, a sufficient

condition for the existence of a solution t! of Eq. (4) is
Z , 1. The best proof of this proposition is obtained
by graphical inspection. The case Z , 1 is shown in
Fig. 1(a): P!t" and e2g0t must intersect, since according
to (10), P!t" + Ze2g0t for large t [9], and a finite solu-
tion t! can always be found. The other case, Z . 1, is
shown in Fig. 2: a solution may or may not exist, depend-
ing on the model. Interestingly, the above theorem shows

2700
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back to short times

Seminal ideas 

Recent experiments



Reminder: neutron spin

P., Namiki, Badurek, Rauch, Phys. Lett. A 169, 155 (1993)
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von Neumann,1932 

Beskow and Nilsson,1967 

Khalfin 1968 

Friedman 1972 
Misra and Sudarshan, 1977

(main) Experiments (Cook 1988) 

Itano, Heinzen, Bollinger, and Wineland 1990 

Nagels, Hermans, and Chapovsky 1997  

Kwiat, White, Mitchell, Nairz, Weihs, Weinfurter and Zeilinger 1999 

Wunderlich, Balzer, and Toschek, 2001 

Fischer, Gutierrez-Medina, Raizen, 2001 

Streed, Mun, Boyd, Campbell, Medley, Ketterle, Pritchard, 2006 

Bernu, Sayrin, Kuhr, Dotsenko, Brune, Raimond, Haroche 2008

ALL: one dimensional Zeno effect!

History photon polarization, nuclear spin isomers 
ions (individual), neutron spin 
Landau-Zener tunneling Bose-Einstein condensates  
Cavity QED	  
Applications: decoherence in quantum computing 
efficient preservation of spin polarized gases 
Zeno tomography



but system need not be 1D... 

example:
measure 

more interesting 
example:

|1�
|0�

measure 

|1�
|0� = |in�

system remains in initial state

|m�

system remains in subspace |in> defined by 
(negative result, nonselective) measurement 

}|ini



|1�
|0�

|m�

system remains in subspace defined by 
(negative result, nonselective) measurement

what if there is a Hamiltonian?

H

Quantum Zeno DYNAMICS 
in Quantum Zeno SUBSPACE



Measurements 

(projections) 

Unitary kicks  

(�bang bang�) 

Continuous coupling 

(continuous measurement) 

3 STRATEGIES to obtain Zeno subspaces 
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Zeno subspace

What causes the Zeno effect



Coupling
or N

Dynamical 
superselection 

sectors

Quantum Zeno subspaces



Experiments
Experimental realization of quantum zeno dynamics 
F. Schäfer, I. Herrera, S. Cherukattil, C. Lovecchio, F.S. Cataliotti, F. 
Caruso & A. Smerzi 
Nature Communications 5, 3194 (2014) 

Confined quantum Zeno dynamics of a watched atomic arrow 
Adrien Signoles, Adrien Facon, Dorian Grosso, Igor Dotsenko, Serge 
Haroche, Jean-Michel Raimond, Michel Brune & Sébastien Gleyzes 
Nature Physics 10, 715–719 (2014) 

Quantum dynamics of an electromagnetic mode that cannot have N 
photons 
L. Bretheau, P. Campagne-Ibarcq, E. Flurin, F. Mallet, B. Huard 
Science, 348, 776-779 (2015)



QZD in Cavity QED
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Hamiltonians

laser

cavity
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Zeno Hamiltonian
HZ = P<sHP<s + P>sHP>s = H<s +H>s

H =
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s=6: phase space view
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Quantum Zeno dynamics

exclusion circle  
in phase space

think of the way 
the measurement  
is performed!



FIRST EXPERIMENT
Schaefer, Herrera, Cherukattil, Lovecchio, Cataliotti, 
Caruso, Smerzi
Florence 2014
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Ω

Free particle in n dimensions

How does the particle move inside Ω? Does it leak out?

Free particle in a  
box with perfectly 

reflecting hard walls
Facchi, Marmo, Pascazio, Scardicchio, Sudarshan 2003  
Exner and Ichinose, 2005 …although there is NO wall!

H =
p2

2M
= �⇥2�

2M
, U(t) = exp(�iHt/⇥) in L2(Rn)

� � Rn compact domain, P = ��(x) spatial projection

VZ(t) = exp(�iH�t/�)P,

The weak limit VZ(t) exists and yields

a unitary group in L2(�)
with Zeno Hamiltonian

H� = ��2�
2M

, D(H�) = H2(⇥) ⇥H1
0 (⇥)

Dirichlet boundary conditions
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