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intro

[ closing in on the SM 2 bound states J

® usually we are testing the SM (or look for BSM) at as high energies as possible — ideally
direct production of new particles

® alternatively consider virtual effects, potentially sensitive to much higher energies
® this requires the “right” observable: precise measurements and precise theory

® prime example: (g — 2)

ud

higher order SM BSM dirty SM

® in such tests we are looking for small effects !
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intro

® this lecture: the theory of (weakly) bound states

® motivation
® better understanding of QFT
® exploit potential of precise measurements to constrain/find BSM

® outlook Part I: theory (mainly Tue)
® consider non-relativistic limit of QFT
® explain fundamental principles of effective-theory approach
® focus on SM part (BSM part is usually the easy bit)
® health warning: some slides are rather technical
® outlook Part Il: applications (mainly Fri)
® heavy quark pair production near threshold
® mg from QQ
® decay ratios and HFS of QQ
® hydrogen vs. muonic hydrogen
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intro

possible systems include:

positronium et e mi1 = mo  standard
muonium utet mi>mso standard
charmonium (J/¥,n.) ce¢ mi1 =mso  ~ Standard
bottomonium (Y, n) bb mi = mso T standard, n, only just
B. meson bc m1 > mo  Scalar since 1998
hydrogen pe m1 > mo  Standard

muonic hydrogen [ m1 > mo  Standard
hydrogen-like Ne™ mi1 > mo  Standard
antihydrogen pet mi1 > mo  since ~ 1995

true muonium ut T mi=ms not (yet) produced
tauonium = eF  mi>ms  not(yet) produced
true tauonium rtr mi = mao not (yet) produced
top tt m1 = mo  never but nearly
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hydrogen-like atoms, recap

® two point masses m1 and ms
® reduced mass m = mims/(m1 + mo)

® interacting through potential V' (r) = —Z «a/r

A Z
Schrddinger eq: (— o a)
m

A Z
Coulomb Green function: (—— _ze E) G (7,7, E) = 53) (F—7")

(Za)?m

32 — bound states
mn

= Un(M) Y5 () dk g (r) ¥i(r')
_Z +/(27r)3 k2/miE

bound states
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hydrogen-like atoms, recap

G (7,7, E) and ¢y, (r) = |n) can be written in terms of Laguerre polynomials L2'*+!

3
_ p>I'(n —1) _
7vbnlm,(’r') = |n>lm — 2’)’LF(’I’L T+ 1) Liljll_l(pr) € pr/2 (p’r)l Y—lm(ea ¢)
: 2Zam 2
with p = =
n apn
scales of the problem
Z Za)? Z :
<n|—a|n> = m(Za)” - 22 Bohr radius
r n2 n2ag
D B  (Za) _ L
(n|=|n) = (nlv|n) = —; note: v K 1 for Z < a = non-relativistic system !
m n
2 2
p (Zo) .
(n| 5 n) = (nv*In) = === note: (n|Za/r|n) % (n|p?/min)

= ——=—F, scaling m > p ~ mv > E ~ mv?
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hydrogen-like atoms, recap

our implicit assumption that the system is non-relativistic is justified for (Za) < 1

there is a hierarchy of scales:

hard scale: m ~ 1
soft scale: pr~uv~ (Za) K1
ultrasoft scale: E = p?/(2m) ~ 1?2 < v

we must not treat V' (r) = —Za//r as perturbation, even though (Za) < 1

starting with free Schrodinger equation and treating —Z«/r as perturbation will never
describe a bound state

how to go on from here:

® recall: we will be looking at high precision!

® either: add further effects (fine structure, hyperfine structure, recoil effects, vacuum
polarization .. .) to the potential (“bottom up”, not here)

® or: ask where does the potential come from and how is this connected to a quantum
field theory (“top down”, our approach here)

— forget everything you know about Quantum Mechanics (for a while)
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basics of NRQED/NRQCD

® two point masses m1 and mo
® reduced mass m = mims/(m1 + m2)

® interacting through Lagrangian Lqgp and/or Lgep

® a closed solution of this problem is of course hopeless

® even if we could solve this, it would not answer all questions, since e.g. proton is not a
point mass.
® goal for for the moment:
® ignore these finite size effects
® ignore non-perturbative effects (QCD)
® exploit hierarchy of scales v < 1 and (Za) < 1 to make QFT tractable
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Part | |
\ Theory |
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outlook NRQED/NRQCD

After a few slides, in a first step we will end up with

1 _
»CQED = —ZF’U“VFNV—F\I/(Z'@ —m)\I!

LNRQED

T (z‘DO + 2—) Y+ —= Dy - T yte. By
m 8m 2m

—W[D E_E. D]¢+Zg S yla- [5><E—E><5]¢

8m?

(w <~ X) + £light

e d
=2 T X X+ = S”w W xTo

calculable

+ + 4+ +

note: this is a strict QFT approach, in prinicple possible to include loops to any order
® LNrqep is an expansion of Loep in v

LNrRQeD gives as good a description of bound states as Lqgrp but is much more
convenient
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basics of NRQED/NRQCD

naive first step

exchange of photon im momentum space:

= (—ie)(—iZe)(—i)  —iZe?
i V(q) ~ 5 - ——
a5 —4a q

+ O(q§/9°)

after Fourier transform:
—Ze? A

Vi)~ 25 = 22

27 e 4r r

® what happened to spinors of fermions ?
® what happened to ~* of vertices and g*¥ of propagator?
® |et's do this properly

® could do a Foldy-Wouthuysen transformation

® here we will use “matching”, a general technique useful in many effective theories:
fix the coefficients c¢; of the Lagrangian of the effective theory s.t. Lyt and LqrDp
give the same answer (up to a certain order in perturbation theory)
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effective theories

what is an effective theory?

theory: not a model; a framework for systematically improvable predictions

effective: not the full story; applicable only in certain circumstances = factorization

large
underlying theory (UT) scale
® contains dynamical (directly observable) d.o.f. of
underlying
large/hard scale M, and small/soft scale M-
: theory
® Lagrangian: Lyt = ZOi(Gbl, $2) v
- 1
(]
® observables: f(o, M1, Ms) ZO‘ (”) (M, M>)
effective theory (ET)
® contains dynamical d.o.f. of soft scale Ms; v
¢1 integrated out assuming Mo /M; < 1 M
® Lagrangian: Ler = » c; O;(¢2) l
J
® observables: f=> o ) (Ma/M;)™ (n,m)
n m small
scale
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effective theories

main features of effective theories

[ ultraviolet | UV singularities — renormalize  for UT: [O;] < 4
1 2228 ¥ V& 1 uv
UT LyT =~ _ZWi WMV — ZF Fuu
+ > gw @Yyt ) Wi+ e (bt ) Au+. ..

IR integrating out the W mode
- = additional singularities at the boundary!
IR singularity of Ly = UV singularity of Lg

1 _
LET >~ —ZF’U’VFMV —Fe(lp"}/“ip) A

+ 3" e(Mw) ({757 T} ) (P {757 T} )

IR singularities — form physical observables

Adrian Signer, Aug 2012 — p. 13/68



effective theories

main features of effective theories

ever higher dimensional operators O (¢2) with suppressed coefficients c; ~ 1/Mfl_4

. . 1L /My ¢ 1 My
IR singularity of UT: —— | — = —— + log —

€ 7 € U
: . 1 (Mo € 1 M.
UV singularity of ET: — (—2> =~ _log 2
€ 7 € 7

singularities cancel and can be predicted — logs can also be predicted —
resummation of L = log(Mi/Mz2) > 1:

® presence of terms a™L2™ or ™ L™ invalidates expansion in « alone
® reorganize perturbation theory:

from a pure expansionin a (LO — NLO — NNLO .. .)
to resummed expansion, counting e ~ 1 « 1 (LL — NLL — NNLL ...)

can have a tower of ETs, i.e. for M1 > Mo > M3 .... UT —ETI —ETII ...

in (NR)QED: we will not integrate out whole particles (~ easy), but integrate out modes
(part of a quantum field with a particular scaling)

in (NR)QED: M7 ~ m and My ~ mwv and M3 ~ muv?

Adrian Signer, Aug 2012 — p. 14/68



QED — NRQED — pNRQCD

® external particles in the bound-state system
potential fermions: p* = (pY,p) ~ (mv?, mv)
ultrasoft photons/gluons:  p* = (p°,p) ~ (mv?, mv?)
® we want to infer from QED/QCD how these d.o.f. interact

® we will see: the interaction can be described by a potential V' (interaction local in ¢ but
non-local in ) and explicit ultrasoft photon/gluon interactions (retardation effects)

® this effective theory is called potential NRQED (pNRQED) and L, ,NrqQED (¥p, Aus)

® we will get there by going through another ET, NRQED with the following additional d.o.f:
soft particles: p* = (p°,p) ~ (mv, mv)
potential photons/gluons:  p* = (p°,p) ~ (mv?, mv?)
® NRQED is a local theory (in t and %) that is obtained by integrating out hard modes from
QED

® matching coefficients evaluated at hard scale, then using rgi evolved to soft scale
—> resummation of log us/up ~ logv ~ log o
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effective theories

Structure of non-relativistic QED/QCD

q

underlying theory

Hh ~ M h ED
Q E’QED(wh)wS)wpaAl}t)AgaAgaAzs)

effective theory |

(1s ~ TV 0 < NROED [Caswell, Bodwin, Braaten, Lepage]
E’NRQED (,Qbsa wpa Al;a Aga AZS)
effective theory I |  (Quantum Mechanics)
[Pineda, Soto]
Uys ~ mu2 us pNRQED
EpNRQED ("vbpa Aﬁs)
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matching

® match free QED Lagrangian 55912313 = W(iD"~, — m)¥ to NRQED counterpart
® introduce separate fields for annihilating electrons ¢ and creating positrons y: ¥ = 1 + x

® expandin p/m ~ v spinors u(p) (and v(p)) in momentum space, £ = \/p2 + m?

E—l—mg — ﬁ22 11ﬁ44 f
o) (LE T ) e

1/2E(E+m 256m?

® expandinp/m ~ wv:

a(p)(# — m)u(p) = (E T gni N 53) SE+0 <#>

® free non-relativistic Lagrangian

—

2 =4 =9 =4
(0) . \% \Y if.n VOV 1
LNRrRQED = ¥ (Z do + om + 8m3> ¥+ X (7, 9 5 sm3 | X +0 A

m

YivAiy ~ O, and 1/(8m3) ~ ¢;
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matching

® including interactions L&g = e WA Y U — e WA -y
® from gauge invariance we could anticipate 99 — 89 — ie A and V — V + ie A

® here we stubbornly follow matching procedure
note: Ly Is gauge invariant and all our operators O; in Lyt are gauge invariant
—> the c; must be gauge invariant as well

® then with ¢ = p’ — p'we get (and similar for o(p”’) and v(p))

—*2
a(p" )y u(p) = (1 — 8—2> £he ‘|‘ ST (P x P)E+ O (%)
a(p" )7 u(p) = %ST (F+P")+i(@xq)E+0 (%)

® the interaction part of the non-relativistic Lagrangian

g%

e -
ﬁi\rflf{QED =eA%yTy — —lDTA - (P+p")

G- (p' xp)Y — _WA (0 X @) + x-terms + O (Tr;)

4m2
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matching

combine:

v4
83

| 52 e iz o
LNRQED = ol <230+ >¢ +eAP Ty — %wTA'(p+p/)¢

Wiy + S A%ts . (5 xﬁ)w——wm (& % @)

 8m?2 4m
D2 DA e P .
=T (4D — —iF. .D
¥ <Z 0+ 2m+8m3>w 2m¢0 By + 8m2 ¢( )Y

1€
8m?2

W&’-(ﬁxE—E )¢+xterms+(9< )

with B = F'° and B'= —1/2€Y*Fj;, or

Ez—ﬁ(AO)—aOfY—ig[Tb,TC]Xb(AO)C and E:ﬁxﬁ—%[Tb,TC]Xbxﬁc

note: all operators are gauge independent! E®  E® 4 fabepby,
even in non-abelian case BY% — B® 4 fabepbye
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matching

going from QED to QCD and preparing for loops

loop calculations to be done in D dimensions (dimensional regularization):

avoid intrinsic 4-dim objects like €¥7%, x etc.

52 ﬁ4 c — oW Y c : :
Lnrqep =¥ [iDo+ — + —— | — Fgw <—>¢ + Dgw D', E*] 4
m m 2 8m

[Uiv Uj] Doa  ijk Kk

define D-dimensional Pauli “algebra’: ol = >
1
— oW .
‘ P24 7. B
2
matching coefficients: ci(pun) = 1+ as (log(pp /m) + cst) + O(a?)

contain effects of hard modes
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matching

At O(1/m?) there are also four-fermion operators

d d — —
SLNRQCD = —— ¢Iw1 X£X2 + —= ¢IU¢1 X£0X2
mi ms9 mima
dvs Ta T a dUU T =ma T =a
- P TP1 x5T%x2 + 6T %Y1 x56T%x2

mi1 mo mima

- o

® effects of hard loops are encoded in matching coefficients d ~ O(«)

® compare “standard” BSM effective operators
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NRQED/NRQCD

® we have now a theory with new Feynman rules

A A
I Va=p -
p p
igT" S PT EHEXQT (- (X )
=)=

CDig —2ra
_8m2q T

® this theory reproduces QED/QCD Green functions in the non-relativistic limit up to the
order to which the matching has been done

Adrian Signer, Aug 2012 — p. 22/68



loops

® expansionin ~ p/m ~ v is trivial (if tedious) at tree level

® how to expand in loops ?
® Joop momentum k runs through all scales 0 - mv? = mv — m — o
® computing full integral and then expanding is neither efficient nor systematic (power
counting)
® method of regions (expand before doing the integration)
® separate expansion of integrand in all regions
® sum of all regions add up to full result
® each part is simpler and has unigue power counting
® identify modes [Beneke, Smirnov] = asymptotic expansion (method of regions)

\

hard kH ~ m

soft kH ~ mu _ _
> expand integrand not integral

potential  k° ~ mv2; k ~ muv

ultrasoft kH* ~ mu?

g /def(k,p,m):/defh+/defp+/defs+/dequ
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method of regions

Method of regions: a simple example

Let p2 < M? and assume we want to compute (the first few terms in an expansion in
p?/M? < 1 of) the integral  (pick p s.t. p? < p? < M?)

dék
/ (k? —p?)(k? — M?)
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method of regions

Method of regions: a simple example

Let p2 < M? and assume we want to compute (the first few terms in an expansion in
p?/M? < 1 of) the integral  (pick p s.t. p? < p? < M?)

dék
/ (k? —p?)(k? — M?)

_/ d?k +/ dk
B |k|<w (k2 —p2)(k2 - M2) |k|>w (k2 —p2)(k2 - M2)
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method of regions

Method of regions: a simple example

Let p2 < M? and assume we want to compute (the first few terms in an expansion in
p?/M? < 1 of) the integral  (pick p s.t. p? < p? < M?)

dek
/ (k? — p?)(k? — M?)
_/ d?k +/ dk
B |k|<w (k2_p2)(k2_M2) |k|>w (kQ_pQ)(k2_M2)

B ddk (k2>n
N /|k|<u (K —p2)zn: (M=)n+l * /|k|>u M2 Z (k2)n+1
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method of regions

Method of regions: a simple example

Let p2 < M? and assume we want to compute (the first few terms in an expansion in
p?/M? < 1 of) the integral  (pick p s.t. p? < p? < M?)

dék
/ (k? —p?)(k? — M?)

_/ d?k +/ dk
B |k|<w (k2 —p2)(k2 - M2) |k|>w (k2 —p2)(k2 - M2)

— dk (K*)" dik (p2)"
. /kw (2= 12) 2= (2T +/k|>ﬂ (% — 017 2 2yt

dd’k (kQ)n dd’k ( Q)n
:/WZW+/(k2—M2)zn:(k§)—n+1+tadeIeS
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method of regions

Method of regions: a simple example

Let p2 < M? and assume we want to compute (the first few terms in an expansion in
p?/M? < 1 of) the integral  (pick p s.t. p? < p? < M?)

Ak
/ (k? — p?)(k? — M?)

_/ d?k +/ dk
B |k|<w (k2 —p2)(k2 - M2) |k|>w (k2 —p2)(k2 - M2)

= _ A%~ ()" dk ()"
B /lm (k* —p?) Z (2t /um (k2 — M?2) Z (k2)n+1

B dd’k (kQ)n dd’k (pQ)n
- T S ame | @ X s

\ 7

Ve

additional UV — IR singularities possible
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method of regions

Method of regions: a simple example

Let p2 < M? and assume we want to compute (the first few terms in an expansion in
p?/M? < 1 of) the integral  (pick p s.t. p? < p? < M?)

Ak
/ (k? — p?)(k? — M?)

B dd’k} (kQ)n dd’k (p2)n
- @ 2 Gt e = e

N\ 7 \ . 7
N/ Ve

soft hard

® identify modes: soft (k ~ p) and hard (k ~ M) (in general more)
® expand integrand in each region to whatever order required
® each term has a well-defined scaling in p? /M? — power counting

® no explicit cutoff needed (dimensional regularization is important)
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method of regions

Method of regions: a simple example

d?k
/ (k2 — p2)a(k2 — M?2)b

i(_l)a+b %—a—b F(a’ +0— i) a;a—i-b—% p2
~ (47T)d/2 (M2) F(a—l—b)2 241 ( a-+b 1 — W)
_ - (_n_b+1)n a2 —b—n ddk
- nz::o ['(n+1) (M) /(kQ)”(RQ—pQ)“
= (_n_a+1)n n dk
" nzz:() ['(n+1) (=) /(/~€2)“+”(/€2 — M=)
i(—1)¢ d_, _p (a—3%5) 4, 2
) (iw)d)m (0% 7" (M%) —Fe ()
i(—1)etb d oy D(§—a)l(at+b—9) aiatb—2 | p?
N (47)d/2 (M%) 2 I'(b)I'(2) —2h <1+a—% W)
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loops

example of hard loop

before expansion

D P’

; !/ dPk

full — =

k2 [(k+p)2 —mi](k+p—p)?[(k—p)? —m3]

1k | E+p—1p _

after expansion

dPk

p p/ In :/ 2 1.2 21 1.2 [1.2 >
p p k? k4 — m3] k* [k% — m7]

® [, is much simpler

I+,1 and Iy, have the same UV-singularities =—- renormalization

I, has IR singularities not present in I¢,;; = canceled by UV singularities of ET
scaling in v: I, ~ 1 (known before integration) &k ~ m ~ 1

scaling in v: I, not uniform (different scales) pg ~ mv?, p ~ mv?, k ~ anything
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loops

renormalization group improvement

® explicit computation of matching coefficients at one-loop after UV renormalization typically
. 1 m
yields ¢; () = 1 4+ a(p) (’yg {Z — log E] - #)
® the singularity is cancelled by a UV singularity of NRQCD (anomlaous dimension ~; of
NRQCD operators)

® the hard matching coefficient has to be computed at a hard scale @ — u;, ~ m to avoid
large logs

® when used in NRQCD it has to be evaluated at the soft scale u — pus ~ mv

: : : d .
® solution to standard rge for anomlaous dimension oG () = vici(p) is given by
i

a(bh) ~: () d
ci(ps) = Cz‘(uh)eXp/( | %
a(Hs

® this resums all (potentially large) logarithms L = log up /ps ~ loga ~ logv

® with 7? we get NLL (next-to-leading logarithmic) accuracy, i.e. o™ L™ 1
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summary NRQED/NRQCD

NRQCD Lagrangian [Caswell, Bodwin, Braaten, Lepage]

but now in D = 4 — 2e dimensions

D2 o
Lxrqep = T <zD0+Ck—>¢+ T D4 — mw*aZBw
+ 8 97D w1 D' E] o™ [D*, B ] ¢ 4 (¢ <+ x)
Oésdss S'U
+ i Ty + 2 Yoty xTo
as dys tha T a Qs dyo T _irpa T irpa
+ YT XX+ — o T X o T X + Liight

® resum In(up/ps) = Invin ¢; and d;; using renormalization group

® RGI: single heavy quark sector as in HQET [Bauer, Manohar, . . .]
RGI: four heavy quark operators [Pineda]

Adrian Signer, Aug 2012 — p. 28/68



effective theory

® QED — NRQED: hard loops p#* ~ m integrated out, not dynamical any longer (we
exploited m > mwv)

® \we are left with
soft pHt ~ mu

potential p° ~ mv?; P ~ mu

ultrasoft p* ~ muo?

® an operator like T [D"', EZ} 1 does not have a fixed power in v
® final state has only potential fermions and ultrasoft photons

® NRQED — potential NRQED (pNRQED):
integrate out soft fermions and potential and soft photons

® in pPNRQED only potential fermions and ultrasoft photons are dynamical (exploit also
mov > mo?)

® “integrating out” technically again with method of regions
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outlook pPNRQED/pNRQCD

After a few slides we will end up with the pNRQCD Lagrangian in d = 3 — 2e dimensions

LoD = LNRQED =
LonrQep = Y iD7+ — Y+ x' (DY — — | x

2m 2m

n /d3r (WT%) 1% (XTT“X)

ok - o4 -
+ ol (—3—gsf-E)¢+xT (——3—935-E)x
™m

8 8m
2 =2
V = —4xCpas —Cpas <a1 —501nq—2> T
q q K
2 3nCpas D' anC ;D2 . .
2 (1) T K(e) FQs Dy JECUR
- CFCAaS DS mq1_|_2€ m2 _ dm2 [81781][82782] R
® static potential (known to a3), non-analytic potential . . ., d-dim generalization of Breit-Fermi

potential (with spin-spin, L? etc)

® resum In(us/pus) = Inwv in matching coefficients Dgl), Dc(fz, Dg) e
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NRQED — pNRQED

Power counting

mom prop form prop. d*k field (p(x)1(0)) = Ci:_f
pot. Q | (v2,7) KO —k2/2m)]t | v2  o° 0¥/2
pot. g [_E2]—1 v—2 s 0v3/2
soft @ | (v,?) (kO] 1 v—1 v v3/2
soft g [k2]—1 v 2 v? v
us g (v2,72) (k2] 1 4 V8 v?

operators in L,NrRQCD

T (10° + (0% /2m)) v v3/2 02 03/2 =P LO
(v77°¢) (@e/a®) (XTx)  o® (@s/v) " = as0’® Lo
(41799) (02/2%) (X'T°x)  ©° (a?/v*)v® = aZv* NLO
(¢TTG¢) (a?/q) (XTTax) v3 (a2 v) v3 = av? NNLO
P! (gs T - E) (0 032 Jazvtv3/? = Jazu”  NNNLO
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pNRQED/pNRQCD

® Breit potential the naive diagram we started with now looks like

igT" For, oplq T ~0Aq T

1 QZQk

7’
ST (e, g] q;T° 1gT*
g 2m
LO 5VBreit

C .
—%s T§ colour singlet
® the LO potential: V = CrCa/2
= = colour octet

® the Breit potential depends on spin projection

5 72 ((D D— -

L+ L5 (( 4(2[3( 0 2 F_%(H‘CD)) spin 1
¢ 5VBreit: o o o

2y 1 (( =2) 2 _ §(1+cp)) spin 0

Adrian Signer, Aug 2012 — p. 32/68



ONRQED

Power counting potential ladder diagrams have to be resummed

o2 02 2
V2 v v
a /v a/viafv a/v* (a/v)?

This gives the Green function in momentum space

) —1
E—p?/m

G, 7, E) = (2m)%6D (5 —p’

47TCF043
(E —p2/m) (F—p")* (E —p’2/m)

or via Fourier in coordinate space (v = Cr as/(2/—FE/m))

+ -+ finite

G¢(0,0,F) =

as Cp m? ( 1 —4AmE 1
8
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NLO static potential

as an example consider the static potential at NLO

® all diagrams taken separately are gauge dependent
® gauge dependence cancels in sum (as it must) — a7 is gauge independent !!

® consider e.g. box diagram
® hard loop — matching coefficient of four-fermion operator
® potential loop — LO Green function
® soft loop — NLO static potential

® an ordinary QED Feynman diagram splits and contributes to different parts
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summary pNRQED/pNRQCD

PNRQCD Lagrangian [Pineda, Soto]

02 02
LHNRQCD = T (iDO + —> W+ x T (iDO — —> X

2m 2m

+ /d3r (WT%) 1% (XTT“X)

i = B (0 = B
+ ¢ (—3—gsx-E)¢+x (——3—gsx-E)x

8m 8m
(2) (2)
o a2 3nCras D, ArCr Dy
V = —4WCFJ—;—CF§—§ (a1 - ) + m2 R dm28 2 .

® QFT — potential V" + 6V
® each term has a well-defined power counting, ultrasoft effects enter at NNNLO
® recall everything you know about QM and do QM pert. theory in momentum space

® for higher-order corrections evaluate single, double, triple . . . insertions

dip; ~ . N A e o
5Gc(0707E):/H P Gc(p17p27E)5V(p27p3) Gc(p37p4)E)

® all singularities (IR and UV) are consistently treated with dimensional regularization
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Part Il |
\Applications |




Q Q near threshold

Heavy quark pair production: ete™ — QQ Q€ {c,b (1)} s~2m

o, o olefem 2 QQ) .
cross section:  Rp5(s) = p o e 127 Im {II(s 4+ iO™) }

correlator: M = i/d4zc et 17 (0|T{5" ()5" (0)|0) = (—¢%g"" + ¢" ¢") T1(¢?)
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Q Q near threshold

local parton-hadron duality R,5 — global parton-hadron duality My,

ds 1202 (d \"
: th _ _ (<) — 2
moments: M" = / i1 flee(s) = (dq2> (q")| 2 —0

n!

97
Mexp — Mres + Mcont — / R
n n n agm — M2n—i—1 o Sn—l—l QQ( )

r
\ - 7

\ .

well known poorly known

3.0 35 4.0 45 9.5 10.0 10.5 11.0 115

\/s[GeV] Vs [Gev]
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Q Q near threshold

in real life:

10

° Sum of exclusive

3 loop pQCD
Naive quark model

N Inclusive

ol Lol

V/5 [CeV]

{ i measurements measurements
| ‘ | | | ‘ | | ‘ | ‘ | | | | ‘ |

0.5 1 15 2 25 3
[ T ‘ T ‘ T T T ‘ T T ‘ T T T ]
C 25 ]
2 Wl Y C ]
= A Mark-I —
- Mark-T + LGW ' » .
= ® Mark-IT e B
- e PLUTO ' i
L O DASP ]
= J¢ Crystal Ball —
F * BES b
n ‘ ]
o, ) ]
C | ]

3 5
F T ‘ T T T T T T ‘ B
E Y(1S) Y(35) b ]
= Y(2S) —
- Y (4S) .
= X A v b / E
E * MD1 ARGUS CLEO CUSB DHHM ]
- | ¢ Crystal Ball A‘ CLEO II DA‘SP O LENA | —
= | | | | | | | | | | =

9.5 10.5 11
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Q Q near threshold

mass of T(nS):  My(,s) =2m, + E,  typical scale: u ~ p ~ asCrmy/n
u~1.3GeVforn=1

dominant error non-perturbative — later

moments: M, = / RS R.5(s) typical scale: pu ~ 2my/\/n
u~ 2.5GeV forn =14

dominant error perturbative

complex
) ) ) energy plane |

® determination of theoretical moments VP

via integration in complex plane

! E>0

® typical scale us ~ 2my/+/n, choose | continuum \

n <14 SEEE PR B DU (VI S 3
® determine experimental resonanance £<0 /

moments (very well known) and resonance

continuum moments (poorly known),

choosen > 6
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Q Q near threshold

mass schemes  So far implicitly understood mass = pole mass mg
but pole mass has non-perturbative ambiguity (renormalon) = IR sensitivity ~ Aqcp

Mmeson = mg + V
N— ~—~ —~
obs pole mass ambig

For QQ system: mq has IR sensitivity, but this cancels in 2mg + Veoul &~ Mmeson

- 1
define PS-mass [Beneke] mpg = mg + 5 /

d3q
(27)3 Vcoul
q<p g

(q) with pup ~muv~mas

other closely related definitions m x = mg — ém are possible

these mass definitions are more appropriate for the description of heavy quarks near threshold
= threshold mass
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Q Q near threshold

mass schemes

® pole mass is more IR sensitive (renormalon ambiguity) than other mass definitions —
non-perturbative ambiguity ~ Aqcp

° : : L
use directly my;g Where possible (relativistic sum rules)

® if use of myrg Impossible (non-relativistic sum rules) use threshold mass (incoorporates
renormalon cancellation) [Bigi et.al; Beneke; Hoang et.al; Pineda]

® express observable in terms of threshold mass (here use PS mass [Beneke] and RS mass
[Pineda]) then relate threshold mass to my; (three-loop exact [Melnikov, Ritbergen;
Chetyrkin, Steinhauser] and four-loop via large-5y approximation)

s \
\@/«
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Q Q near threshold

theoretical moments

perturbative part: gluon (quark) propagator ~ 1/k?, but contains terms to all orders in o

® in principle well understood

® can be computed with ever increasing accuracy (at the price of running into technical
difficulties, current status 4-loop)

non-perturbative part: modification of gluon propagator from ~ 1/k? for small k2

® not very well understood = try to minimize the impact of non-perturbative physics
® parametrize ignorance in terms of (ever more suppressed) condensates

® leading contribution from gluon condensate (%GQ)

(e A
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Q Q near threshold

theory: perturbative part M, = WRQQ(S) ~ (am)Zn e m Rgg(E)

relativistic sum rules: n “small”,i.,e n <4 continuum contribution relevant £ ~ m

FO (fixed order) approach needs full QCD not here

non-relativistic sum rules: n “large”, i.en 2 8 continuum contribution suppressed
ET (effective theory) approach pNRQCD applicable
define £ = /s — 2m = mv? ~ kinetic energy of heavy quarks if v < 1

n “large” <+ E ~ m/n ~ mv? and v ~ 1/4y/n “small” = quantum mechanics

large n (non-relativistic) vs small n (relativistic)

large n: conventional fixed order (FO) perturbation theory breaks down
(Coulomb singularity), i.e. computing R, to a“ we have terms v (o/v)*
— use effective theory (ET)
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Q Q near threshold

theory: non-perturbative part

leading contribution from gluon condensate [Shifman et.al; Broadhurst et.al., loffe]

1272 2
@ _2G2yq, (1+ﬁbn)+...

SMP =
" (2my,)(2nt4) Vo T

® 4, ~ n3/2: importance of non-perturbative effects increases with increasing n

® size of corrections = by, crucially depends on mass scheme, ok for threshold mass !!

main questions: ® how important are gluon condensate contributions??
® (2G?) =0.012 GeV* [Shifman et.al. 1978]
® (2G?) =0.021 GeV* [Broadhurst et.al. 1994]
® (2G?) = (0.005 £ 0.004) GeV* [loffe 2005]

® can we trust the perturbative series of the coefficient function?

common wisdom ??:

® (2@G?) contributions are the dominant source of error for M~-(;
s (1s)

® we canignore (%GQ) contributions in the case of bottom as longasn < 16

® what about the charm case ?
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Q Q near threshold

Determination of bottom mass from sum rules take Mg as an example:

[Pineda, AS]

N mps =4.52 GeV _
consistent results

for6 < n < 16

| mps = 4.52 + 0.06 GeV I

convert to MS:

| m = 4.19 £ 0.06 GeV I

through resummation of logv = log s /pn:

® sjze of corrections reduced } reduced theoretical error

® much improved us scale dependence
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Q Q near threshold

apply to charm ?? =- non-perturbative contributions ??

leading contribution from gluon condensate [Shifman et.al; Broadhurst et.al., loffe]

1272 2
SMPP — L5 (56 an (14 = [bn — 20+ 9)0bx]) + ... with ap ~ n?/?
T T

importance of non-perturbative effects increases with increasing n and decreasing m

n 1 4 8 12 16
bottom | 10%6M,"/M,;*® | -0.008 -0.02 0.02 036 16

charm | 1026M,,° /My, | 0.1 0.7 2.0 3.8 5.9
as bES /7 0.75 0.72 056 0.34 0.09

[ ignore non-perturbative effects and use n < 16 )
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Q Q near threshold

0.25—

0.20 -

0.10 -

0.05

Determination of charm mass from sum rules

FO

combined

[AS]

0.25 —

0.20 -

0.10 -

combined

0.05

10 5 20 28
1 [Gev]
“combine™:
single moment analysis
n m smtt | smeP | dme | §mCC om
3 | 1508 229 11 41 2 233 | mps = 1.50 = 0.04 GeV I
1506 81 27 3 85
10 | 1503 40 19 5 45 | convertto MS:
16 | 1500 27 1 14 6 31 | m = 1.25 £+ 0.04 GeV I
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Q Q near threshold

Top threshold scan at linear collider

top pair produced near threshold
E=+vs—2m<m

non-relativistic — NRQCD

® lifetime fortop 7 ~ 1/Ty ~ 5 x 1072 s
® typical hadronization time 7,9 ~ 1/Aqcp ~ 2 X 1072 s

® T < 1.4 = top decays before it forms hadrons

A o
® Schrodinger eq: ( N e (E+z'Ft)> G(7, 7', E) = o(7—77)

m?2 r

® poles (bound states) become a bump (would-be bound state)
® position of bump = determination of mass

® height and width of bump = determination of I';

1/2
® typical scale: p ~2mwv ~ 2 (m\ [ E2 + F%) 2 30 GeV = perturbation theory
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Q Q near threshold

Top threshold scan at linear collider [Pineda, AS]

no resummation of log v with resummation of log v

12|
ps= 30 — 80 GeV

R= (Ttt/(T##
= O-It/o-yp

® normalization of cross section much more stable after resummation
® smaller scale dependence, smaller size of corrections
® potential to measure (well defined) top mass to an accuracy of dm: ~ 50 MeV

® potential for a precise measurement of I'; and maybe even the Yukawa coupling
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Q Q near threshold

measurement of Higgs-Yukawa potential — y: ??  treating Higgs as “new physics”

Yt

e t e t
! 2 mp T
| = yt (&
| VY = —

+ L N ) 4w r

e ¢ € t

Yt

125

1.00

075 measurement of I'; [Frey et.al.]

050 ® T affects shape of threshold scan

0.25

® (different curves correspond to

o 0.00 '
& w0 s . w s B ry/T3M = (a) 0.5, (b) 0.8, (c) 1.0,
bi"_» 05 E| L I L ELEL LR LN B I |_ (d) ]_2’ and (e) 1.5
“E E ® pefore (top) and after (bottom)
03 = E bremsstrahlung corrections
02 —
- a ]
01 = —
00 | | I | | I | | I | | | I | | I |
340 342 344 346 348 350 352
ECm (GeV) Adrian Signer, Aug 2012 — p. 51/68



Q Q near threshold

Top threshold scan at linear collider [Pineda, AS]

position of peak

determination of my

position of peak
o = = =
© o [ N w

o
(o]

normalization of peak

determination of I'; and y: (??)

® use of threshold mass essential (must not use pole mass)

® further improvements: include decay of top and go to full NNNLO
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Q Q near threshold

threshold “scan” at Tevatron/LHC [Hagiwara et.al.]

Tevatron LHC
0000 jF—>—
m$ —_— ————
a(Cp —Cy/2 aCrp
Vool /2) Voo
T T
repulsive attractive
—
15 -+ Born ] 12| : -+ Born n
2 WO colour octet I colour singlet = NLO
2T GrrexIsR 1L T GrRexis -
S S
O 8 o8
3 3 |
2 2
E: E==O.6
S S
38 B 04
_ 0.2
P \L:{ P P ! [ | AR T O T S AN S S S
0 340 345 3%0 3‘55 360 0 340 345 350 355 360
m, (GeV) m, (GeV)
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Q Q near threshold

Top “threshold scan” at LHC [Kiyo et.al.]

including all channels and parton-distribution functions:

Tevatron LHC
006 [ 16 e
[ 14 |
0.05 C [
12 |
< 004 [ <
8 i color-octet 3 1 r
2., 2 ., |
= 0.03 - — 0.8 color-octet
= I = [
© © L
5 i S 06 | .
© 002 r Tevatron Vs = 1.96 TeV ] © color-singlet
0.4 | 5
001 [ § [ ) ]
i color-singlet 1 02 7 LHC Vs = 10 TeV ]
O %uuu|||||||||||||||||||||||||||||| 0 ||||||||||||||||||||||||||||||||||||||||||||-
335 340 345 350 355 360 365 370 375 380 335 340 345 350 355 360 365 370 375 380
M [GeV] M [GeV]

this bump cannot be seen directly but has some impact on the total cross section
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mp from M~y

Extraction of energy levels and wave function at origin

® Compute Green function (at NNNLO [Beneke et.al])

A

G = éo — éo5V1é() — éo(ﬂfgéo + éo(svléo(svléo
— GodV3Go + 2GdV1GodVaGo — GodViGodViGodViG.

E—E, |¥n(0)]?
 E,-E
® FE, related to mass of bound state M (n) = m1 + mo + Ep,

® use G(E) to extract energy levels E,, and wave function |, (0)|?

® at NLO only Coulomb, beyond also spin-spin (HFS) etc.

Ey, NE()(1+0436()( )—|—oz2()(a 52, )—l—ag()(a 52, ))

® |4, (0)|? related to decay width I'(M — ete™)
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mp from M~y

Extraction of bottom mass from M~ (4 g)

Mvy@sy =2my + E = my ps = (4.58 & 0.04 (th) £ 0.07 (non-pert)) GeV

070 ¢~ T i
(Cp ozs)Qm ; :
scales: E,, ~ — e = 0.6 as(Mz) = 0.118
Crasm ;
Mswpnﬁz—sﬁl.ZGerornzl?! = 05}
n ed

S04

non-perturbative effects ! 03l

02"

full gluon propagator = pert. part (1/¢?) + non-pert. part

g

parameterization of QCD at low energies through condensates

Hﬁ@ﬁﬁﬁﬁﬁﬁ

- a va np 624 (GLLGlv)
leading: a5 (G}, GY,,,) = contribution 5MT(1S) = 757rm( Cras)t ~ 70 — 90 MeV
m Fas

subleading: g2 f**“(G%., G2\ GS,.)
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myp from M~

4.7 . myp, PS(2G€V) from MT(lS) = 9460[Ge\/] [Beneke et.al]

\

“NNLO

my, from Y (1s) sort of works

non-perturbative error is dominant

my ps = (4.57 + 0.0340.01 £0.07) GeV
~— =~ =~

pert a9 np

my from Y (2s), Y(3s) etc hopeless

11 MT(?S) 11 MT(3S)
105 NNNLO 105 i
\ EXp b
10 T 10 ¢
95/ LO T T TTmem-----ooo__| 95|
9l ‘ ‘ ‘ ‘ ‘ 9l ‘ ‘ ‘ ‘ ‘
1 15 2 2.5 3 35 4 1 15 2 2.5 3 35 4
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M~y — M,

® The mass difference M,, — M~y (HFS) should be less insensitive to non-perturbative
effects

® the HFS enters at o (NNLO), thus a NLO-HFS calculation requires a NNNLO
computation of energy levels

® here there is no additional m1 /mo suppression of HFS

® HFS available at NLL (including resummation of logarithms) [Kniehl et.al]

50
45
40 |
35
30
25 F
20 |
15 |
10 ¢

E . (MeV)

0

| L L L L L I I I
125 15 17% 2 225 25 275 3 325 35
M (GeV)

® extracted value: Ef% = (39 & 114y, £ 94, ) MeV
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- M

Ul

EL}. ~ 40 MeV undershoots experimental value Ey 5 ~ (70 £ 5) MeV
lattice is apparently more consistent EL‘}’; ~ (61 +14) MeV

however, lattice misses a logarithm from a matching coefficient
O Enes =~ aslog(as)Engs = —20 MeV
this is pretty much the difference between E*" and E'a

for charm everything works much better ???
M(J/) — M(ne) = B =104 MeV vs B = (117.7 4+ 1.3) MeV

surely, this must be BSM . .. [Domingo et.al]

® 1, mixes with CP-odd light Higgs A of mass m4 ~ 10 GeV
® 1n,-like mass eigenstate is measured but

theory/lattice computes mass of another state (pure bb)

... oratleastitis quite a puzzle
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decay width

decay of T and n

® convergence is not always brilliant . . .

® resummation of logs helps significantly

1.75 0.8
\
15 0.7 \ NNLO
AN
< 1.25 0.6 ;
> ~—
N
' by H
T 0.75 104
= =
— 0.3
0.5
0.2
0.25 |

effect of [S}, 57][S%, S7] on decay width — prediction for 7, decay width [Pineda, AS |
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decay ratio

DI/ = ete)

Rc_

notoriously difficult
T'(ne(%So) = v7)

A 5 -
(—— — C’Fa— (1 + Vitatic) + 0Vaon—st (S 2 ...) — E) G, 7 E)=4§1r7—7")
r

m2

® 5Vitatic IS often the reason for large corrections (bad convergence) treat perturbatively or
‘exactly’ (numerical)

® [S%,571[S%, S2] perturbatively

N - - - - [Kiyo, Pineda, AS]
10 i | |
RN - ® everything perturbative
0.8 ~ o~ - (short-dashed) LL, NLL, NNLL
& 06 - - ® Jogs not resummed, Vagatic ‘€xact’
f (dashed) at
0.4 © O(as),0(a3),0(al), O(aj)
02 = ® logs resummed, Viiatie €xact’
... . (solid)
0.8 1.0 1.2 14
u[GeV]
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muonium

HFS in muonium

® known upto o?(Za) Er (recall Ep ~ (Za)?* [Eides et.al; Kinoshita et.al] (1995)
® “new” calculation in NRQED [Czarnecki et.al.] (2010)

M M
» »
? »
H » )
: H
H :
H H
- N
S <
. S
" ‘Q
fapns

k1 | &

—P+k —P —k

1 1 ~1 1
N — —ind(kP
(kP2 _M21i0t (ki P2 _M2Ztiot  2kP_i0t  2kP 10t imo (k)

® requires whole machinery of loop calculations (IBP, Melin-Barnes, sector decomposition)
— numerical answer

® result agrees with previous computation but numerical answer more precise by an order of
magnitude
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Lamb shift

non-recoil corrections O(a?(Za)®) to Lamb shift

® non-recoil means leading order in m1 /ms
® vacuum polarization computed by [Pachucki] (1993), others by [Eides et.al] (1995)
® “new” calculation in NRQED [Czarnecki et.al.] (2010)

>
H
H o« o o
-
- A -
-
. = 7 =
. H
= -
O : s
o % s
\d . -
LLTTTT N
- -

:\\/E
Y

A

Y

vacuum polarization diagrams “other” diagrams
2(7a)° 3 2(7a)° 3

5 Byvac = % (ﬂ) m [0.86281422(3)] 0o = % (ﬂ) m [—7.72381(4)]
m™n m m™n m

as before, new results are compatible with old ones, but more precise by 1 — 2 orders of
magnitude ( note: these are state-of-the art loop calculations)
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(muonic) hydrogen

proton radius rg from muonic hydrogen vs. rg from (normal) hydrogen: > 5 o discrepancy
—> consider these systems in theory:

® source of all trouble: proton is not point like

(N (p)|J*|N(p)) = u(p) {Fl(cf)v“ ()

2M

| uto)

® electric form factor
Gr(¢®) = Fi(¢®) +

2

Fy(q?) = /d3’r,0(’r)e_iqr _ /d3’r,0(’r) (1 LS )

§)
5 dGE(q?)
dg?

2

4 M2

® proton radius ??:  (r%) = /d3TT2p(T) _

q%=0
® this definition is IR divergent !!
® compare similar case of potential between infinitely heavy quarks
[Appelquist, Dine, Muzinich] (1978)
® IR singularity at 3-loop !!
® in ET, this is simply a matching coefficient, IR singularity cancelled by us-gluons
® proton radius should also be defined as matching coefficient

® whether this solves the problem is an entirely different question
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(muonic) hydrogen

hadronic corrections [Pineda]

~

. . %
® Lamb shift: terms in pPNRQCD potential — ~1 = — ~—4(7)
m m m

® this gives rise to “standard” QED corrections

Dhad

® there are corresponding hadronic corrections ]\jﬂ o(7r)

® matching coefficient: Dhad receives contributions from NRQCD operators

had
® four-fermion operator —=— M NTNsz

had
® hadronic vacuum polarization —=— M —2_F,,D*FH

had — — — —
D_ Nt [D-E—E-D]N
™m

® “Darwin term”

4
® proton radius is defined through ¢4 — 1 = grgMQ

® this is a matching coefficient depending on scale, scheme etc.
(compare mass of quark)
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(muonic) hydrogen

contributions to d52< from hadronic vacuum po-
larization (compare g — 2) = AFE = 0.011 mev had

® contributions due to chad = ¢B* 4 cZee 4 B!
® pointlike contribution c5* can be computed with NRQED

® c%°¢and chI can be approximately obtained from xPT [Pineda] or “experimentally”
[Arrlngton, Sick, Pachucki, Borie . . ]

® forcfecie. (rp):  AE| pp=0019mev vs. AE[ = (2.5-28) mev

note: AE|DeRuJ. ~ 0.32 mev is not compatible with either ot these

® forck™:  AE| p,=0018mev vs. AE| = (0.012-0.015) mev
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(muonic) hydrogen

® ET provides consistent definition of proton radius as a scheme and scale dependent

matching coefficient

® with determined c%ee and c§01 (and of course all other contributions) it is possible to

experimentally determine 24 and thus rg.

® these “dirty” effects seem under reasonable control and no big deviations from earlier
determinations are found

® 3 no SM solution to proton radius puzzle in sight
® surely, this must be BSM ... [Pospelov]

® new vector boson shifts atomic spectrum

® O(1 MeV) dark photons (another U(1) that mixes with photon) that violate e-u
universality

® also useful for g — 2 of muon

® .. oratleastitis quite a puzzle
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the end

we could argue charm and top have been found by by studying bound states
(— talk by S. Hansmann-Menzemer)

we were still happy to see these particles created at high-energy colliders

true complementarity of high-energy and low-energy physics
even if BSM is definitely not the most likely explanation of the current puzzles in

bound-state physics . ..

... who says it is not going to happen again ??
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