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π0’s CV

conception: Yukawa ’35, Kemmer ’38

long birth: Lewis, Oppenheimer, Wouthuysen ’48,
Carlson, Hooper, King ’50,
Bjorklund, Crandall, Moyer, York ’50 “The existence of a neutral meson
is clearly not required at the present stage of the experiments, but is
the only one of the above five hypotheses which seems to fit the
experimental data.”
Steinberger, Panofsky, Steller ’50: “It is clear from these properties
that the gamma-rays are the decay products of neutral mesons.”
Ekspong’97: “It was generally felt that the neutral pion marked the
end for particle searches.”

two siblings: π+, π−, born: Lattes, Muirhead, Occhialini, Powell, ’47
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π0’s properties

IG (JPC) = 1− (0−+)

mass m = 134.9766(6) MeV

mπ± −mπ0 = 4.5936(5) MeV

mean life τ = (8.4± 0.6) × 10−17 s
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Why mπ0 < mπ± but mK0 > mK± ?

ChPT+QED: [m̂ = (md +mu)/2]

M2
π0 = 2m̂B0

M2
π± = 2e2

C

F 2
0

+ 2m̂B0

+Dashen theorem:

M2
K0 = (ms +md)B0

M2
K± = 2e2

C

F 2
0

+ (ms +mu)B0

i.e. depends on isospin breaking, e.g. R = ms−m̂
md−mu

for physical masses: R = 44 [note: study of η → 3π [K,Knecht,Novotny,Zdrahal’11]

R = 37.7]
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PDG 2008 about π0, (see new edition for small changes)
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π0 life time

pdgLO

’70 HprimL’70 HprimL

’70 HprimL’70 HprimL

’73 HprimL’73 HprimL

’85 HdirL’85 HdirL

’88 He+e-L’88 He+e-L

HPrimExLHPrimExL

Htheory KK+BMLHtheory KK+BML

7 8 9 10 11 12

GHΠ0 ® Γ ΓL @eVD

π0 mean life, PDG history:

1985 (8.4 ± 0.6)× 10−17 s
...
2009 (8.4 ± 0.6)× 10−17 s
2010 (8.4 ± 0.5)× 10−17 s
2011 (8.4 ± 0.4)× 10−17 s

this year?:
2012 (8.35 ± 0.31) × 10−17 s

theory: [KK,Moussallam] (8.04 ± 0.11) × 10−17 s
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EFT → ChPT

EFT

separated degrees of freedom (simplification)

building the most general Lagrangian

ordering principle (powercounting)

example: ChPT

goldstone bosons (spontaneous symmetry breakdown of chiral
symmetry)

Lagrangian up to NNLO

dimensional counting
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ChPT: effective theory of low-energy QCD

ChPT

[Coleman, WZ, Callan ’69]: nonlinear realization of SSB

u(φ) → gRuh
† = hug†L

u = exp
(

iφ
F02

)

, φ√
2
=







1√
2
π0 + 1√

6
η π+ K+

π− −1√
2
π0 + 1√

6
η K0

K− K0 −2√
6
η







uµ = i(u†∂µu− ∂µuu
† − iu†rµu+ iulµu

†) , lµ(rµ) = vµ − (+)aµ , χ± = u†χu† ± uχ†u , χ = 2B0 (s+ ip)

[Gasser, Leutwyler ’84]

Lχ = L(2)
χ +L(4)

χ +L(6)
χ
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†) , lµ(rµ) = vµ − (+)aµ , χ± = u†χu† ± uχ†u , χ = 2B0 (s+ ip)

[Gasser, Leutwyler ’84]

Lχ = L(2)
χ +L(4)

χ +L(6)
χ

L(2)
χ =

F 2

0

4 〈uµuµ+χ+〉
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ChPT: effective theory of low-energy QCD

ChPT

[Coleman, WZ, Callan ’69]: nonlinear realization of SSB

u(φ) → gRuh
† = hug†L

u = exp
(

iφ
F02

)

, φ√
2
=







1√
2
π0 + 1√

6
η π+ K+
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2
π0 + 1√
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η K0

K− K0 −2√
6
η







uµ = i(u†∂µu− ∂µuu
† − iu†rµu+ iulµu

†) , lµ(rµ) = vµ − (+)aµ , χ± = u†χu† ± uχ†u , χ = 2B0 (s+ ip)

[Gasser, Leutwyler ’84]

Lχ = L(2)
χ +L(4)

χ +L(6)
χ

L(4)
χ = L1〈uµuµ〉2 + L2〈uµuν〉〈uµuν〉+ L3〈uµuµuνuν〉+ L4〈uµuµ〉〈χ+〉

+ L5〈uµuµχ+〉+ L6〈χ+〉2 + L7〈χ−〉2 + L8〈χ+χ−〉
− iL9〈FR

µνuu
µuνu† + FL

µνu
†uµuνu〉+ L10〈FR

µνUFLµνU †〉
+H1〈FR

µνF
µνR + FL

µνF
µνL〉+H2〈χ2

+ − χ2
−〉/4

K. Kampf π0 : lightest hadron 8/56



ChPT: effective theory of low-energy QCD

ChPT

[Coleman, WZ, Callan ’69]: nonlinear realization of SSB

u(φ) → gRuh
† = hug†L

u = exp
(

iφ
F02

)

, φ√
2
=







1√
2
π0 + 1√

6
η π+ K+

π− −1√
2
π0 + 1√

6
η K0

K− K0 −2√
6
η







uµ = i(u†∂µu− ∂µuu
† − iu†rµu+ iulµu

†) , lµ(rµ) = vµ − (+)aµ , χ± = u†χu† ± uχ†u , χ = 2B0 (s+ ip)

[Gasser, Leutwyler ’84]

Lχ = L(2)
χ +L(4)

χ +L(6)
χ

L(6)
χ = C1〈u·uhµνhµν〉+. . . (together 94 terms!)

where fµν
± = uFµν

L u† ± u†Fµν
R u, ∇λf

µν
± , hµν = ∇µuν +∇νuµ

χ±µ = u†Dµχu
† ± uDµχ

†u = ∇µχ± − i
2{χ∓, uµ}

[Bijnens, Colangelo, Ecker ’99]
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Odd sector

So far, the effective Lagrangian has a larger symmetry than QCD.

φ ↔ −φ in this Lagrangian: only even number of GB

odd intrinsic parity is however not symmetry of original QCD

from phenomenology we know it exists: K+K− → 3π

⇒ symmetry pattern of QCD must be studied more carefully
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Odd sector

first we need to add EM interaction:
∂µU → DµU = ∂µU + i[U, vµ], vµ ∼ QAµ

and add by hands monomial to L:

UFµν F̃
µν

U can be transformed out: we have to add (at least two) derivatives
on U – vanishes in chiral limit (Sutherland theorem)

way out: anomaly, in fact two anomalies (non-trivial for i = 0, 3, 8, or for
π0, η, η′ states):

∂µAi
µ = Nfδ

i0 αs

4π
GµνaG̃a

µν + ai
α

4π
Fµν F̃µν

incorporated to the action by Wess, Zumino and Witten (WZW)
two-flavour case: [Kaiser’01]
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Anomalies in SM: the good, the bad and the ugly

An “anomaly”: the symmetry of the classical action violated by quantum
correction.

the good: Sutherland theorem in contradiction with experiment for
π0 → γγ. Precluded by chiral anomaly.

the bad: in EW lepton sector we have an anomaly, the theory is
internally inconsistent; solution “BIM” mechanism: lepton and quark
must be treated together

the ugly: dubbed U(1)A problem by Weinberg: we have 8 not 9
goldstone bosons. η′ is not protected by U(1)A as this is not a good
symmetry (is affected by the anomaly): ∂µJ

µ
5 ∼ Gµν

a G̃aµν

however, this is a total derivative, but it contributes [’t Hooft ’76]

it begets another problem: we should add to the Lagrangian θGG̃.
But θ (including chiral quark mass phase) is small, why? → strong CP
problem
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Calculation within 2-flavour ChPT: Anomaly

Wess-Zumino construction [’71]
The form of anomaly is determined by ‘gauging’ external fields,
where v and a are gauge fields of

L = R = 1 + iα, and L† = R = 1 + iβ

δS{v, a, s, p, θ} = − NC

16π2

∫

d4x ǫµνρσ〈β̂(v̂µν + i[âµ, âν ])〉〈vρσ〉

LWZW = − NC

32π2
ǫµνρσ

{

〈U †r̂µUl̂ν − r̂µ l̂ν + iΣµ(U
†r̂νU + l̂ν)〉〈vρσ〉+ 2

3〈ΣµΣνΣρ〉〈vσ〉
}

with Σµ = U †∂µU , r̂µ = v̂µ + âµ, l̂µ = v̂µ − âµ.
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Calculation within 2-flavour ChPT

NLO odd-intrinsic Lagrangian is given by [Bijnens, Girlanda, Talavera ’02]

LW
6 =

13
∑

i=1

cWi oWi , cWi = cWr
i + ηi(cµ)

d−4Λ ,

monomial (oWi ) i 2-flavour 384π2F 2ηi
ǫµναβ〈χ+ [f−µν , uαuβ]〉 1 0
ǫµναβ〈χ− {f+µν , uαuβ}〉 2 0
iǫµναβ〈χ−f+µνf+αβ〉 3 0
iǫµναβ〈χ−f−µνf−αβ〉 4 0
iǫµναβ〈χ+ [f+µν , f−αβ]〉 5 0

ǫµναβ〈f+µν〉〈χ−uαuβ〉 6 −5NC

iǫµναβ〈f+µν〉〈f+αβχ−〉 7 4NC

iǫµναβ〈f+µν〉〈f+αβ〉〈χ−〉 8 −2NC

iǫµναβ〈f+γµ〉〈hγνuαuβ〉 9 2NC

iǫµναβ〈f+γµ〉〈f−γνuαuβ〉 10 −6NC

ǫµναβ〈f+µν〉〈f+γαhγβ〉 11 4NC

ǫµναβ〈f+µν〉〈f+γαf−γβ〉 12 0
ǫµναβ〈∇γf+γµ〉〈f+ναuβ〉 13 −4NC

n.b. it depends on the form of L4 [KK, Novotny 02], [Ananth.,Moussallam 02]
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π0 → γγ: chiral expansion collaboration with B. Moussallam

π0 lightest hadron ⇒ primary decay mode π0 → γγ

in chiral limit exact due to QCD axial anomaly:

Γ(π0 → γγ) =
m3

π0

64π

( αNC

3πFπ

)2
= 7.73 eV

Correction to the current algebra prediction:
using [Pagels and Zepeda ’72] sum rules in [Kitazawa ’85]

NLO corrections are hidden in F → Fπ0 and O(p6) LECs [Donoghue,

Holstein, Lin ’85] [Bijnens, Bramon, Cornet ’88]

in 3-flavour case we can study π0, η, η′ mixing, resulting to [Goity,

Bernstein, Holstein ’02]:

ΓNLO = 8.1± 0.08 eV

in 2-flavour case EM corrections [Ananth., Moussallam ’02]:

ΓNLO = 8.06± 0.02 ± 0.06 eV

Quite recently another study based on dispersion relations, QCD
sum rules, using only the value Γ(η → γγ) gives [Ioffe, Oganesian ’07]:

ΓNLO = 7.93 ± 0.11 eV
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π0 → γγ at NNLO in 2 flavour ChPT: technical part

NLO: a) One-loop diagrams with one vertex from LWZ , b) tree
diagrams with one vertex from LWZ and one vertex from O(p4)
Lagrangian, c) tree diagrams with one vertex from O(p6)
anomalous-parity sector

O(p6) anomalous-parity sector from [Bijnens, Girlanda, Talavera ’02]

representation of chiral field: U = σ + i τ.π
F
, σ =

√

1− ~π2/F 2 (no
γ4π vertex at LO)

one-loop

two-loop

verification of Z-factor, Fπ/F [Bürgi ’96], [Bijnens, Colangelo, Ecker,
Gasser, Sainio ’02]

double log checked by Weinberg consistency rel. [Colangelo ’95]
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π0 → γγ technical part: some details on two-loop calculation

T ∼ ǫµνρσe1α k
2
ρ e

2
σ pλ

×
∫

ddl1
i(2π)d

ddl2
i(2π)d

lλ
1
l
µ
1
lα
2
lν
2

(l2
1
−M2)(l2

2
−M2)[(l2+k1)2−M2][(l1+l2−k2)2−M2]
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π0 → γγ technical part: some details on two-loop calculation

[Bijnens, Colangelo, Ecker, Gasser, Sainio ’97]T ∼ ǫµνρσe1α k
2
ρ e

2
σ pλ

×
∫

ddl1
i(2π)d

ddl2
i(2π)d

lλ
1
l
µ
1
lα
2
lν
2

(l2
1
−M2)(l2

2
−M2)[(l2+k1)2−M2][(l1+l2−k2)2−M2]

J(t) =

∫

ddl1
i(2π)d

lλ1 l
µ
1

(l21 −M2)((l1 + t)2 −M2)
→ gλµ

4(2w + 3)

∫ ∞

4M2

[dσ]

σ − t2
(4M2−σ)

⇒ Rαν =
1

4(2w + 3)

∫

ddl2
i(2π)d

lα2 lν2
(l22 −M2)((l2 + k1)2 −M2)

∫ ∞

4M2

[dσ](4M2 − σ)

σ − t2
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π0 → γγ technical part: some details on two-loop calculation

[Bijnens, Colangelo, Ecker, Gasser, Sainio ’97]T ∼ ǫµνρσe1α k
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µ
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2
lν
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4(2w + 3)

∫
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(l22 −M2)((l2 + k1)2 −M2)

∫ ∞

4M2

[dσ](4M2 − σ)

σ − t2

Divergences can be separated by Taylor expansion around σ = ∞
∫ ∞

4M2

[dσ](4M2−σ)σl = −2(2w + 3)

(4π)2+ω
Γ(−2−w−l)

Γ(−l)

Γ(−2l)
(M2)w+2+l, conv. for l < −2
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π0 → γγ technical part: some details on two-loop calculation

[Bijnens, Colangelo, Ecker, Gasser, Sainio ’97]T ∼ ǫµνρσe1α k
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∫ ∞
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[dσ](4M2−σ)σl = −2(2w + 3)

(4π)2+ω
Γ(−2−w−l)

Γ(−l)

Γ(−2l)
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so far one would obtain:

R =
3581

8064
+
π2

24
+R1+R2 , with R1 = − 1

84

∫ ∞

4
ds

√

(s − 4)3

s
(log(s)pol1+pol2)

and R2 can be expressed as double integral, where one integral comes from

I =
M6

4

∫

dxdydz

∫

ddl

i(2π)d
60x3y2z3(1− z)4 l2

[Az − x(1− y)Bz − l2]6
with Az = zσ+(1−z)M2, Bz = z(1−z)M2

n.b. possible expansion in Bz/Az ≤ 1/9
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π0 → γγ at NNLO, result

ANNLO =
e2

Fπ

{ 1

4π2

+
16

3
m2

π(−4cWr
3 − 4cWr

7 + cWr
11 ) +

64

9
B(md −mu)(5c

Wr
3 + cWr

7 + 2cWr
8 )

− M4

24π2F 4

( 1

16π2
Lπ

)2
+

M4

16π2F 4
Lπ

[ 3

256π4
+

32F 2

3

(

2cWr
2 + 4cWr

3 + 2cWr
6 + 4cWr

7 − cWr
11

)

]

+
32M2B(md −mu)

48π2F 4
Lπ

[

−6cWr
2 − 11cWr

3 + 6cWr
4 − 12cWr

5 − cWr
7 − 2cWr

8

]

+
M4

F 4
λ+ +

M2B(md −mu)

F 4
λ− +

B2(md −mu)
2

F 4
λ−−

}

λ+ =
1

π2

[

−2

3
dWr
+ (µ)− 8cr6 −

1

4
(lr4)

2 +
1

512π4

(

−983

288
− 4

3
ζ(3) + 3

√
3Cl2(π/3)

)]

+
16

3
F 2
[

8lr3(c
Wr
3 + cWr

7 ) + lr4(−4cWr
3 − 4cWr

7 + cWr
11 )

]

λ− =
64

9

[

dWr
− (µ) + F 2lr4 (5c

Wr
3 + cWr

7 + 2cWr
8 )

]

λ−− = dWr
−−(µ)− 128F 2l7(c

Wr
3 + cWr

7 ) .

4 LECs in 2 combinations of NLO
additional 4 LECs in 3 combinations of NNLO

Is it at all possible to make some reliable prediction?
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π0 → γγ: modified counting

Use of SU(3) phenomenology via cWr
i ↔ CWr

i connection (based
on [Gasser, Haefeli, Ivanov, Schmid ’07,’08])

cWr
i =

αi

ms
+
(

βi + γijC
Wr
j + δi ln

B0ms

µ2

)

+O(ms)
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π0 → γγ: modified counting

Use of SU(3) phenomenology via cWr
i ↔ CWr

i connection (based
on [Gasser, Haefeli, Ivanov, Schmid ’07,’08])

cWr
i =

αi

ms
+
(

βi + γijC
Wr
j + δi ln

B0ms

µ2

)

+O(ms)

implementation of modified counting

mu,md ∼ O(p2) and ms ∼ O(p)

Result:

Amod
NNLO =

e2

Fπ

{

1

4π2
− 64

3
m2

πC
Wr
7 +

1

16π2

md −mu

ms

[

1− 3

2

m2
π

16π2F 2
π

Lπ

]

+ 32B(md −mu)

[

4

3
CWr
7 + 4CWr

8

(

1− 3
m2

π

16π2F 2
π

Lπ

)

− 1

16π2F 2
π

(

3Lr
7 + Lr

8 −
1

512π2
(LK +

2

3
Lη)
)

]

− 1

24π2

(

m2
π

16π2F 2
π

Lπ

)2
}
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π → γγ: Phenomenology

Fπ = 92.22± 0.07 MeV (using updated value of Vud [Towner, Hardy’08]).
rem.: if SM violated: Fπ → F̂π [Bernard, Oertel, Passemar, Stern ’08]

using quark mass ratio (from lattice), pseudo-scalar meson masses,
R from η → 3π (cf. [K,Knecht,Novotny,Zdrahal])
md−mu

ms
= (2.29 ± 0.23) 10−2

B(md −mu) = (0.32 ± 0.03)M2
π0

3L7 + Lr
8(µ) = (0.10 ± 0.06) 10−3 (µ = Mη) (from pseudo-scalar

meson masses formula [Gasser, Leutwyler ’85])

CW
7 = 0 (more precisely CW

7 ≪ CW
8 , motivated by simple resonance

saturation)

CW
8 = (0.58 ± 0.2)10−3GeV−2 (from η → 2γ)

result Γπ0→2γ = (8.09 ± 0.11)eV
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Too complicated?
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Too complicated?

one loop only in the next...
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Renormalizable theories

we calculate e.g. F (M):

F = F0 + F 1
1L+ F 1

0 + F 2
2L

2 + F 2
1L+ F 2

0 + . . .

= α+ α2f1
1L+ α2f1

0 + α3f2
2L

2 + α3f2
1L+ α3f2

0 + . . .

where we have defined L ≡ log(µ/M)

renormalization condition µdF
dµ

= 0

non-trivial dependence on α

µ
dα

dµ
= β0α

2 + β1α
3 + . . .

β0 obtained from 1-loop diagrams

renormalization condition ⇒

f1
1 = −β0, f

2
2 = β2

0 , f
3
3 = −β3

0 ⇒ F
∣

∣

LL
=

α

1 + αβ0L
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Non-renormalizable theories

What are the Leading Logarithms (LL)?

We calculate e.g. F (M):

F = F0 + F 1
1L+ F 1

0 + F 2
2L

2 + F 2
1L+ F 2

0 + . . .

where we have defined L ≡ log(µ/M)

Why they are special?

they are parameter-free

to all orders from one-loop diagrams only (based on [Weinberg ’79],
[Büchler, Colangelo’03])

K. Kampf π0 : lightest hadron 22/56



O(N) sigma model

O(N + 1)/O(N) nonlinear sigma model

Lnσ =
F 2

2
∂µΦ

T∂µΦ+ F 2χTΦ .

explicit + spontaneous symmetry breaking

〈ΦT 〉 = (1 0 . . . 0) χT = (M2 0 . . . 0)

we have N Goldstone bosons: φ

N = 3 equivalent to two-flavour ChPT
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O(N) sigma model: physical mass Mπ

LL for the physical mass [Bijnens, Carloni ’10], [Bijnens,KK,Lanz ’12]

Lnσ ⇒ 0

mass: two-point function

schematically at LO:

0 ⇔ Mπ = M

NLO

0 =⇒ 1
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O(N) sigma model: physical mass Mπ

LL for physical mass [Bijnens, Carloni ’10], [Bijnens,KK,Lanz ’12]

NNLO

1 , 0

1

=⇒ 2

(1)

we have to calculate first:

0 , 0

0

=⇒ 1

(2)
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mass up-to 3-loop order
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mass up-to 4-loop order
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mass up-to 5-loop order
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mass up-to 6-loop order
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mass up-to 7-loop order
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O(N) sigma model: physical mass Mπ, results

LL for physical mass [Bijnens, Carloni ’10], [Bijnens,KK,Lanz ’12]

# of diagrams: 1, 5, 16, 45, 116, 303, 790, . . .

M2
π = M2(1 + a1LM + a2L

2
M + . . .)

LM = M2/(16π2F 2) log(µ2/M2)

i ai for N = 3 ai for general N

1 −1/2 1− 1/2 N

2 17/8 7/4 − 7/4 N + 5/8 N2

3 −103/24 37/12 − 113/24 N + 15/4 N2 −N3

4 24367/1152 839/144 − 1601/144 N + 695/48 N2 − 135/16 N3 + 231/128 N4

5 −8821/144 33661/2400 − 1151407/43200 N + 197587/4320 N2 − 12709/300 N3

+6271/320 N4 − 7/2 N5

6 1922964667
6220800 158393809/3888000 − 182792131/2592000 N + 1046805817/7776000 N2

−17241967/103680 N3 + 70046633/576000 N4 − 23775/512 N5

+7293/1024 N6

7∗ −1804453729667
1714608000 1098817478897/8573040000 − 286907006651/1428840000 N

+4533157401977/11430720000 N2 − 1986536871797/3429216000 N3

+436238667943/762048000 N4 − 7266210703/21168000 N5

+99977/896 N6 − 15 N7

∗ preliminary
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O(N) sigma model: physical mass Mπ, verification

Some cross-check? yes

different parameterizations, (we have used 5) e.g.

Φ1 =

( √

1− φT φ
F 2

φ
F

)

, Φ4 =







cos
√

φTφ
F 2

sin
√

φTφ
F 2

φ√
φTφ







full two-loop result for N = 3

for N = 3 we have SU(2)× SU(2)/SU(2)
well known: [Colangelo ’95], [Bürgi ’96], [Bijnens et al. ’97]

limits

massless limit
large N limit
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O(N) sigma model: physical mass Mπ, large N

[Bijnens, Carloni ’09]

powercounting: F ∼
√
N , M2 ∼ 1

no lines shared between two loops

as many closed flavour loops as there are loops

only tadpoles ⇒ cactus diagrams
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O(N) sigma model: physical mass Mπ, large N

( )−1 = ( )−1 + + + + + · · ·

in parametrization 1 (Φ1) (Zp = 1):

p2 −Bp = p2 −M2 −M2
( 1
√

1 + N
F 2A(Bp)

− 1
)

result (complete)

M2 = M2
π

√

1 +
N

F 2
A(M2

π), kde iA(B) =

∫

ddp1/(p2 −B)
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O(N) sigma model

already calculated [Bijnens, Carloni ’09,’10], [Bijnens, KK, Lanz ’12]

mass Mπ

pion decay constant Fπ

φφ scattering, FV , FS

massless case [Kivel, Polyakov, Vladimirov ’08,’09,’10,’10]

φφ scattering, FV , FS

recursive relations

N.B. knowing Fπ enables the expansion both in L ∼ M2/F 2 × logM
and in Lπ ∼ M2

π/F
2
π × logMπ
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O(N) sigma model: vector formfactor

for π → γγ we will need even number of pions and one photon

effectively hidden in FV

definition

〈φa(pf )|jcdV,µ−jdcV,µ|φb(pi)〉 =
(

δacδdb − δadδbc
)

i(pf+pi)
µFV

[

(pf − pi)
2
]

,

calculated already in [Bijnens, Carloni ’10]

problem in cross-check with massless case in [Polyakov et al]

independent study using disp.relations (ππ partial amplitude)
[Bijnens,KK,Lanz ’12]

discFV (s) = t11FV (s)

⇒ [Polyakov et al] wrong (typo...)
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O(N) sigma model: vector formfactor

[Bijnens,Carloni ’10],[Bijnens,KK,Lanz ’12]

calculated up to 5 loops

chiral limit (see [Polyakov et al])

closed form for NLL

F 0NLL
V (t) = 1 +

1

N
+

4

KtN2

[

1−
(

1 +
2

KtN

)

log
(

1 +
KtN

2

)

]

Kt ≡
t

16π2F 2
log(−µ2/t)
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O(N) sigma model: vector formfactor

The expansions of the leading logarithms order by order for the vector
form-factor in the chiral limit and next-to-large N limit (F = 0.090 GeV,
µ = 0.77 GeV and N = 3

 0.95

 1

 1.05

 1.1

 1.15

 1.2

 1.25

 1.3

-0.4 -0.2  0  0.2  0.4  0.6  0.8

|F
V
|2

t [GeV
2
]

0
1
2
3
4
5

full
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Odd sector

unfortunately only for N = 3
1. πγ → ππ
2. π → γγ
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Odd sector: 1. πγ → ππ

π0γ → π0π0: C forbidden

π−(p1)γ(k) → π−(p2)π
0(p0) described by V AAA box anomaly

Mandelstam variables: s, t, u

s+ t+ u = 3M2
π + k2

due to symmetry, reasonable to take

∆n = sn + tn + un

F 3π = F 3π
0 f(s, t, u), F 3π

0 =
e

4π2F 3
π
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Odd sector: 1. πγ → ππ

The irreducible diagrams for the process πγ → ππ up to two-loop level

0 0

0

1 0

1

0

1

1

0

0

0 1

auxiliary diagrams

0 0

0

0

0

0

0 0
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Anomln sektor: 1. πγ → ππ, vsledek

fLL(s, t, u) = 1 + LM
1

6

(

3 + k̃2
)

+ L2
M

1

72
(k̃2 − 3)(k̃2 + 33)

+L3
M

1

1296

(

90∆̃3 − 640∆̃2 − 8157 + 2105k̃2 + 81k̃4 + k̃6
)

+ L4
M

1

155520

[

− 1532∆̃4

+∆̃3(88538 + 1890k̃2)− ∆̃2(577760 + 12240k̃2 + 540k̃4)− 2433375 + 1296190k̃2

+57430k̃4 + 480k̃6 + 185k̃8
]

+ L5
M

1

326592000

[

∆̃5(13252156)

−∆̃4(160744570 + 518350k̃2) + ∆̃3(1465187530 + 39593272k̃2 + 247260k̃4)

−∆̃2(6756522937 + 257781206k̃2 + 11188776k̃4 − 9160k̃6)− 6498695163

+12675091794k̃2 + 801259373k̃4 + 4780240k̃6 + 2948600k̃8 − 1832k̃10
]

.

remark: massless limit simple, no function found so-far
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Odd sector: 2. π0γγ

the most important process of this sector

important in normalization of π0 decays

topology complicated: two types of one-loop diagrams

no logarithms at one-loop diagrams [Donoghue et al’86], [Bijnens et al’88]

true only for on-shell case

logarithms at 2-loop order [KK,Moussallam’09]
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Odd sector: 2. π0γγ, 2 loop
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Odd sector: 2. π0γγ, 3 loop
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Odd sector: 2. π0γγ, 4 loop
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Odd sector: 2. π0γγ, 5 loop
0

(1)

0

(2)

0

(3)

0

(4)

0

(5)

0

0

(6)

0

0

(7)

0

0

(8)

0

0

(9)

0

0

(10)

0

0

(11)

0

0

(12)

0

0

(13)

0

0

(14)

0

0

(15)

0

0 0

(16)

0

0 0

(17)

0

0 0

(18)

0

0 0

(19)

0

0 0

(20)

0

0 0

(21)

0

0 0

(22)

0

0

0

0

(23)

0

0

0

0

(24)

0

0

0

0

(25)

0

0

0

0

(26)

0

0

0 0

0

(27)

1

(28)

1

(29)

1

(30)

1

(31)

0

1

(32)

0

1

(33)

0

1

(34)

0

1

(35)

0

1

(36)

0

1

(37)

0

1

(38)

0

1

(39)

0

1

(40)

0

1

(41)

1

0

(42)

1

0

(43)

1

0

(44)

1

0

(45)

1

0

(46)

1

0

(47)

0

0 1

(48)

0

0 1

(49)

0

0 1

(50)

0

0 1

(51)

0

0 1

(52)

0

0 1

(53)

0

0 1

(54)

0

0 1

(55)

0

0 1

(56)

0

0 1

(57)

1

0 0

(58)

1

0 0

(59)

1

0 0

(60)

0

0

0

1

(61)

0

0

0

1

(62)

0

0

0

1

(63)

0

0

1

0

(64)

0

0

1

0

(65)

0

0

1

0

(66)

0

0

0

1

(67)

0

0

0

1

(68)

0

0

1

0

(69)

1

0

0

0

(70)

0

0

0 0

1

(71)

0

0

0 1

0

(72)

2

(73)

2

(74)

2

(75)

0

2

(76)

0

2

(77)

0

2

(78)

0

2

(79)

0

2

(80)

0

2

(81)

1

1

(82)

1

1

(83)

1

1

(84)

1

1

(85)

1

1

(86)

1

1

(87)

2

0

(88)

2

0

(89)

2

0

(90)

0

0 2

(91)

0

0 2

(92)

0

0 2

(93)

0

1 1

(94)

0

1 1

(95)

0

1 1

(96)

0

1 1

(97)

0

0 2

(98)

0

1 1

(99)

0

1 1

(100)

0

1 1

(101)

1

0 1

(102)

1

0 1

(103)

1

0 1

(104)

1

0 1

(105)

2

0 0

(106)

0

0

0

2

(107)

0

0

1

1

(108)

0

0

1

1

(109)

0

0

1

1

(110)

0

0

2

0

(111)

0

0

1

1

(112)

0

1

0

1

(113)

0

1

0

1

(114)

0

1

0

1

(115)

0

0

1

1

(116)

0

1

0

1

(117)

1

0

0

1

(118)

1

0

1

0

(119)

0

0

0 1

1

(120)

0

0

1 0

1

(121)

0

0

1 1

0

(122)

0

1

0 0

1

(123)

3

(124)

3

(125)

0

3

(126)

0

3

(127)

0

3

(128)

1

2

(129)

1

2

(130)

1

2

(131)

2

1

(132)

2

1

(133)

2

1

(134)

3

0

(135)

0

0 3

(136)

0

1 2

(137)

0

1 2

(138)

0

1 2

(139)

0

1 2

(140)

1

0 2

(141)

1

1 1

(142)

1

1 1

(143)

1

1 1

(144)

2

0 1

(145)

0

0

1

2

(146)

0

0

2

1

(147)

0

1

0

2

(148)

0

1

1

1

(149)

0

1

1

1

(150)

0

1

1

1

(151)

0

1

1

1

(152)

1

0

1

1

(153)

1

1

0

1

(154)

0

0

1 1

1

(155)

0

1

0 1

1

(156)

4

(157)

0

4

(158)

1

3

(159)

2

2

(160)

3

1

(161)

0

1 3

(162)

0

2 2

(163)

1

1 2

(164)

2

1 1

(165)

0

1

1

2

(166)

0

1

2

1

(167)

1

1

1

1

(168)

0

1

1 1

1

(169)

0

0

(1)

0

0

(2)

0

0

(3)

0

0

(4)

0

0

(5)

0

0

(6)

0

0

(7)

0

0

(8)

0

0

(9)

0

0

(10)

0

0

(11)

0

0

(12)

0

0

(13)

0

0

(14)

0

0

(15)

0

0 0

(16)

0

0 0

(17)

0

0 0

(18)

0

0 0

(19)

0

0 0

(20)

0

0 0

(21)

0

0 0

(22)

0

0 0

(23)

0

0 0

(24)

0

0 0

(25)

0

0 0

(26)

0

0 0

(27)

0

0 0

(28)

0

0 0

(29)

0

0 0

(30)

0

0 0

(31)

0

0 0

(32)

0

0 0

(33)

0

0 0

(34)

0

0 0

(35)

0

0

0

0

(36)

0

0

0

0

(37)

0

0

0

0

(38)

0

0

0

0

(39)

0

0

0

0

(40)

0

0

0

0

(41)

0

0

0

0

(42)

0

0

0

0

(43)

0

0

0

0

(44)

0

0

0

0

(45)

0

0

0

0

(46)

0

0

0

0

(47)

0

0

0

0

(48)

0

0

0

0

(49)

0

0

0

0

(50)

0

0

0

0

(51)

0

0

0

0

(52)

0

0

0

0

(53)

0

0

0

0

(54)

0

0

0

0

(55)

0

0

0

0

(56)

0

0

0

0

(57)

0

0

0

0

(58)

0

0

0

0

(59)

0

0

0

0

(60)

0

0

0

0

(61)

0

0

0 0

0

(62)

0

0

0 0

0

(63)

0

0

0 0

0

(64)

0

0

0 0

0

(65)

0

0

0 0

0

(66)

0

0

0 0

0

(67)

0

0

0 0

0

(68)

0

0

0 0

0

(69)

0

0

0 0

0

(70)

0

0

0 0

0

(71)

0

0

0 0

0

(72)

0

0

0 0

0

(73)

0

0

0

0

0

0

(74)

0

0

0

0

0

0

(75)

0

0

0

0

0

0

(76)

0

1

(77)

0

1

(78)

0

1

(79)

0

1

(80)

0

1

(81)

0

1

(82)

0

1

(83)

0

1

(84)

0

1

(85)

0

1

(86)

1

0

(87)

1

0

(88)

1

0

(89)

1

0

(90)

1

0

(91)

1

0

(92)

1

0

(93)

1

0

(94)

1

0

(95)

1

0

(96)

0

0 1

(97)

0

0 1

(98)

0

0 1

(99)

0

0 1

(100)

0

0 1

(101)

0

0 1

(102)

0

0 1

(103)

0

0 1

(104)

0

0 1

(105)

0

0 1

(106)

0

1 0

(107)

0

1 0

(108)

0

1 0

(109)

0

1 0

(110)

0

1 0

(111)

0

1 0

(112)

0

0 1

(113)

0

0 1

(114)

0

0 1

(115)

0

0 1

(116)

0

0 1

(117)

0

0 1

(118)

0

1 0

(119)

0

1 0

(120)

0

1 0

(121)

0

0 1

(122)

0

0 1

(123)

0

0 1

(124)

0

1 0

(125)

0

0 1

(126)

1

0 0

(127)

1

0 0

(128)

1

0 0

(129)

1

0 0

(130)

1

0 0

(131)

1

0 0

(132)

1

0 0

(133)

1

0 0

(134)

1

0 0

(135)

1

0 0

(136)

0

0

0

1

(137)

0

0

0

1

(138)

0

0

0

1

(139)

0

0

0

1

(140)

0

0

0

1

(141)

0

0

0

1

(142)

0

0

1

0

(143)

0

0

1

0

(144)

0

0

1

0

(145)

0

0

1

0

(146)

0

0

1

0

(147)

0

0

1

0

(148)

0

0

0

1

(149)

0

0

0

1

(150)

0

0

0

1

(151)

0

0

1

0

(152)

0

0

1

0

(153)

0

0

1

0

(154)

0

0

0

1

(155)

0

0

1

0

(156)

0

1

0

0

(157)

0

1

0

0

(158)

0

1

0

0

(159)

0

1

0

0

(160)

0

0

0

1

(161)

0

0

0

1

(162)

0

0

0

1

(163)

0

0

0

1

(164)

0

0

0

1

(165)

0

0

0

1

(166)

0

0

1

0

(167)

0

0

1

0

(168)

0

0

1

0

(169)

0

0

0

1

(170)

0

0

0

1

(171)

0

0

0

1

(172)

0

0

0

1

(173)

0

0

0

1

(174)

0

0

0

1

(175)

0

0

0

1

(176)

0

0

1

0

(177)

0

0

1

0

(178)

0

0

1

0

(179)

0

0

0

1

(180)

0

0

1

0

(181)

0

1

0

0

(182)

0

0

0

1

(183)

0

0

0

1

(184)

0

0

0

1

(185)

0

0

1

0

(186)

0

0

0

1

(187)

0

0

0

1

(188)

0

0

1

0

(189)

0

0

0

1

(190)

1

0

0

0

(191)

1

0

0

0

(192)

1

0

0

0

(193)

1

0

0

0

(194)

1

0

0

0

(195)

1

0

0

0

(196)

1

0

0

0

(197)

1

0

0

0

(198)

1

0

0

0

(199)

0

0

0 0

1

(200)

0

0

0 0

1

(201)

0

0

0 0

1

(202)

0

0

0 1

0

(203)

0

0

0 1

0

(204)

0

0

0 1

0

(205)

0

0

0 0

1

(206)

0

0

0 1

0

(207)

0

0

1 0

0

(208)

0

0

1 0

0

(209)

0

0

1 0

0

(210)

0

0

1 0

0

(211)

0

0

0 0

1

(212)

0

0

0 1

0

(213)

0

0

1 0

0

(214)

0

1

0 0

0

(215)

0

0

0 0

1

(216)

0

0

0 0

1

(217)

0

0

0 0

1

(218)

0

0

0 1

0

(219)

0

0

0 1

0

(220)

0

0

0 1

0

(221)

0

0

0 0

1

(222)

0

0

0 1

0

(223)

0

0

1 0

0

(224)

0

0

0 0

1

(225)

0

0

0 1

0

(226)

0

1

0 0

0

(227)

0

1

0 0

0

(228)

0

1

0 0

0

(229)

0

1

0 0

0

(230)

0

1

0 0

0

(231)

0

0

0 0

1

(232)

0

0

0 1

0

(233)

0

0

1 0

0

(234)

0

0

0 0

1

(235)

0

0

0 1

0

(236)

0

1

0 0

0

(237)

1

0

0 0

0

(238)

1

0

0 0

0

(239)

0

0

0

0

0

1

(240)

0

0

0

0

1

0

(241)

0

0

0

1

0

0

(242)

0

0

1

0

0

0

(243)

0

0

0

0

0

1

(244)

0

0

0

0

1

0

(245)

0

0

0

1

0

0

(246)

0

0

0

0

0

1

(247)

0

0

0

0

1

0

(248)

0

1

0

0

0

0

(249)

0

2

(250)

0

2

(251)

0

2

(252)

0

2

(253)

0

2

(254)

0

2

(255)

1

1

(256)

1

1

(257)

1

1

(258)

1

1

(259)

1

1

(260)

1

1

(261)

2

0

(262)

2

0

(263)

2

0

(264)

2

0

(265)

2

0

(266)

2

0

(267)

0

0 2

(268)

0

0 2

(269)

0

0 2

(270)

0

0 2

(271)

0

0 2

(272)

0

0 2

(273)

0

1 1

(274)

0

1 1

(275)

0

1 1

(276)

0

1 1

(277)

0

1 1

(278)

0

1 1

(279)

0

2 0

(280)

0

2 0

(281)

0

2 0

(282)

0

0 2

(283)

0

0 2

(284)

0

0 2

(285)

0

1 1

(286)

0

1 1

(287)

0

1 1

(288)

0

2 0

(289)

0

0 2

(290)

0

1 1

(291)

1

0 1

(292)

1

0 1

(293)

1

0 1

(294)

1

0 1

(295)

1

0 1

(296)

1

0 1

(297)

1

1 0

(298)

1

1 0

(299)

1

1 0

(300)

1

0 1

(301)

1

0 1

(302)

1

0 1

(303)

1

1 0

(304)

1

0 1

(305)

2

0 0

(306)

2

0 0

(307)

2

0 0

(308)

2

0 0

(309)

0

0

0

2

(310)

0

0

0

2

(311)

0

0

0

2

(312)

0

0

1

1

(313)

0

0

1

1

(314)

0

0

1

1

(315)

0

0

1

1

(316)

0

0

1

1

(317)

0

0

1

1

(318)

0

0

2

0

(319)

0

0

2

0

(320)

0

0

2

0

(321)

0

0

0

2

(322)

0

0

1

1

(323)

0

0

1

1

(324)

0

0

1

1

(325)

0

0

2

0

(326)

0

0

1

1

(327)

0

1

0

1

(328)

0

1

0

1

(329)

0

1

0

1

(330)

0

1

1

0

(331)

0

1

1

0

(332)

0

1

1

0

(333)

0

1

0

1

(334)

0

1

1

0

(335)

0

2

0

0

(336)

0

0

0

2

(337)

0

0

0

2

(338)

0

0

0

2

(339)

0

0

1

1

(340)

0

0

1

1

(341)

0

0

1

1

(342)

0

0

2

0

(343)

0

0

0

2

(344)

0

0

1

1

(345)

0

1

0

1

(346)

0

1

0

1

(347)

0

1

0

1

(348)

0

1

0

1

(349)

0

1

0

1

(350)

0

1

0

1

(351)

0

1

0

1

(352)

0

0

0

2

(353)

0

0

1

1

(354)

0

0

1

1

(355)

0

0

1

1

(356)

0

0

2

0

(357)

0

0

1

1

(358)

0

1

0

1

(359)

0

1

1

0

(360)

0

0

0

2

(361)

0

0

1

1

(362)

0

1

0

1

(363)

0

1

0

1

(364)

0

1

0

1

(365)

0

0

1

1

(366)

0

1

0

1

(367)

1

0

0

1

(368)

1

0

0

1

(369)

1

0

0

1

(370)

1

0

1

0

(371)

1

0

1

0

(372)

1

0

1

0

(373)

1

0

0

1

(374)

1

0

1

0

(375)

1

1

0

0

(376)

1

0

0

1

(377)

1

0

0

1

(378)

1

0

0

1

(379)

1

0

1

0

(380)

1

0

0

1

(381)

1

0

0

1

(382)

1

0

1

0

(383)

1

0

0

1

(384)

2

0

0

0

(385)

2

0

0

0

(386)

0

0

0 0

2

(387)

0

0

0 1

1

(388)

0

0

0 1

1

(389)

0

0

0 1

1

(390)

0

0

0 2

0

(391)

0

0

0 1

1

(392)

0

0

1 0

1

(393)

0

0

1 0

1

(394)

0

0

1 0

1

(395)

0

0

1 1

0

(396)

0

0

1 1

0

(397)

0

0

1 1

0

(398)

0

0

1 0

1

(399)

0

0

1 1

0

(400)

0

0

2 0

0

(401)

0

0

0 1

1

(402)

0

0

1 0

1

(403)

0

0

1 1

0

(404)

0

1

0 0

1

(405)

0

1

0 1

0

(406)

0

1

1 0

0

(407)

0

0

0 0

2

(408)

0

0

0 1

1

(409)

0

0

0 1

1

(410)

0

0

0 1

1

(411)

0

0

0 2

0

(412)

0

0

0 1

1

(413)

0

0

1 0

1

(414)

0

0

1 1

0

(415)

0

0

0 1

1

(416)

0

1

0 0

1

(417)

0

1

0 0

1

(418)

0

1

0 0

1

(419)

0

1

0 1

0

(420)

0

1

0 1

0

(421)

0

1

0 1

0

(422)

0

1

0 0

1

(423)

0

1

0 1

0

(424)

0

1

1 0

0

(425)

0

1

0 0

1

(426)

0

1

0 1

0

(427)

0

2

0 0

0

(428)

0

0

0 1

1

(429)

0

0

1 0

1

(430)

0

0

1 1

0

(431)

0

0

0 1

1

(432)

0

1

0 0

1

(433)

0

1

0 1

0

(434)

1

0

0 0

1

(435)

1

0

0 1

0

(436)

1

0

1 0

0

(437)

1

0

0 0

1

(438)

1

0

0 1

0

(439)

1

1

0 0

0

(440)

0

0

0

0

1

1

(441)

0

0

0

1

0

1

(442)

0

0

0

1

1

0

(443)

0

0

1

0

0

1

(444)

0

0

1

0

1

0

(445)

0

0

1

1

0

0

(446)

0

0

0

0

1

1

(447)

0

0

0

1

0

1

(448)

0

0

0

1

1

0

(449)

0

0

0

0

1

1

(450)

0

0

1

0

0

1

(451)

0

0

1

0

1

0

(452)

0

1

0

0

0

1

(453)

0

1

0

0

1

0

(454)

0

1

0

1

0

0

(455)

0

1

0

0

0

1

(456)

0

3

(457)

0

3

(458)

0

3

(459)

1

2

(460)

1

2

(461)

1

2

(462)

2

1

(463)

2

1

(464)

2

1

(465)

0 0 0

0 3 0 3 0 3 1 2 1 2 1 2 2 1 2 1 2 1 3 0 0 3 1 2 2 1 0 2 0 2 0 2 1 1 1 1 1 1 2 0 0 2 1 1 0 1 0 1 0 1 1 0 0 1 0 0
K. Kampf π0 : lightest hadron 47/56



Odd sector: 2. π0γγ, result

Fπγγ(k
2
1 , k

2
2) =

e2

4π2Fπ
Fγ(k

2
1)Fγ(k

2
2)Fγγ(k

2
1 , k

2
2)F̂ .

F̂ = 1− 1/6L2
M + 5/6L3

M + 56147/7776L4
M + 446502199/11664000L5

M
+65694012997/367416000L6

M ,

Fγ(k
2) = 1 + LM(1/6 k̃2) + L2

M(5/24 k̃2 + 1/72 k̃4) + L3
M(71/432 k̃2 + 1/24 k̃4

+1/1296 k̃6) + L4
M(−24353/31104 k̃2 + 4873/10368 k̃4 − 2357/31104 k̃6

+145/31104 k̃8) + L5
M(−548440741/81648000 k̃2 + 9793363/3024000 k̃4

−32952389/54432000 k̃6 + 487493/13608000 k̃8 − 2069/10886400 k̃10 ) ,

Fγγ(k
2
1 , k

2
2) = 1 + L3

Mk̃21 k̃
2
2

1

72
+ L4

Mk̃21 k̃
2
2

[

− 203/7776 + 29/10368(k̃21 + k̃22)

+1/216(k̃41 + k̃42)− 1/144k̃21 k̃
2
2

]

+ L5
Mk̃21 k̃

2
2

[

− 5983633/10206000

+46103/1632960(k̃21 + k̃22) + 372113/11664000(k̃41 + k̃42)

−211/5443200(k̃61 + k̃62)− 394157/9072000k̃21 k̃
2
2

−4/25515k̃21 k̃
2
2(k̃

2
1 + k̃22)

]

.
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Phenomenology, 1. πγ → ππ

little experimental information

officially only experiment at Serpukhov

π− + (Z,A) → π− + π0 + (Z,A) . (3)

Their analysis only includes events with low invariant mass of the
final state pion pair (

√
s <

√
10Mπ)

the measurement indicates

F̄ 3π
exp = 12.9± 0.9 ± 0.5 GeV−3

theoretical value F 3π
0 = 9.8 GeV−3

new activity (?)

via π−e− → π−e−π0 (SPS CERN ’85) [Giller,Scherer et al. ’05]

CLAS in CEBAF at JLab
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Phenomenology, 1. πγ → ππ

preliminary from CLAS [Miskimen, Asavapibhop ’01]
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Phenomenology, 1. πγ → ππ

higher order corrections

F 3π(s, t, u) = F 3π
0 (1 + fEM

0 + f loop
1 + f ct

1 + . . .) .

1-loop corrections: [Bijnens, Bramon, Cornet ’89]

EM corrections: [Ametller, Knecht, Talavera ’01]

different models for counter-terms, e.g. hidden local symmetry
(HLS), quark constituent model (QCM) [Strandberg ’03], Schwinger-Dyson
equation (SDE) [Jiang,Wang ’10],

The experimental extraction of the anomalous γ3π factor F 3π
0 (in

GeV−3) using various models for higher order corrections

LO fEM
0 f loop

1 (LL) f loop
1 f ct

1 (HLS) f ct
1 (QCM) f ct

1 (SDE)
F 3π
0 12.9 12.3 12.0 11.8 11.3 10.1 11.9
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Phenomenology, 1. πγ → ππ, LL

The contributions from the leading logarithms up to sixth order to
the experimental extraction of the anomalous γ3π factor F 3π

0 (in
GeV−3).

LO ∆1-LL ∆2-LL ∆3-LL ∆4-LL ∆5-LL
F 3π
0 12.9 -0.3 0.04 0.02 0.006 0.001

energy dependence via some expansion, e.g. in s around ππ
threshold

F 3π(s, t = 4M2
π) = F 3π

0 (1 + α+ βs/M2
π +O(s2))

α β

c1 1/2 0
c2 −11/8 0
c3 −13367/1296 −775/648
c4 −1414225/31104 −237877/25920
c5 −14201792401/81648000 −4652736041/81648000
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Phenomenology, 2. π0 → γγ

Leading logarithm contribution of individual orders in percent of the
leading order:

Adler-Lee-Treiman-Zee-Terentev theorem on triangle and box anomaly

F 3π(0, 0, 0) =
1

eF 2
π

Fπγγ(0, 0)

is valid up to 2-loop order for LL beyond the soft-photon limit
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Phenomenology, 2. π0 → γ∗γ

Contribution of the LLs to Q2Fγ(−Q2) at different orders.
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Phenomenology, 2. π0 → γ∗γ
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Figure: CLEO (blue points) and BABAR (green squares) data with fitted
function
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