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Kraftübertragung erfolgt über Austausch von Botenteilchen

aus Botenteilchen können paarweise Teilchen und 
Antiteilchen entstehen und umgekehrt
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teilchen

Masse Reichweite rel. Stärke

EM Photon γ 0 ∞ ~10-3

schwache Kraft W+, W-, Z ~100 GeV 10-18m ~10-5

starke Kraft Gluon (8) 0 10-15m ~1

EM schwach stark

Quarks
up charm top 2/3 1/2 3

down strange bottom -1/3 -1/2 3

Leptons
e- μ τ -1 -1/2 1

υe υμ υτ 0 1/2 1

Nach Einstein: 

→kollidiere hochenergetische Teilchen zur Entdeckung schwerer Teilchen

E = mc2
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The QCD Lagrangian and its implications
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ABCGB
µ GC

ν (Dµ)ab = ∂µδab + igs(tAGA
µ )ab

q

q

g g
g

g g
g

g
g

strength of coupling depends on energy

large for small energies (infrared)
small for high energies (UV) }⇒ perturbation theory only 

valid for high energies

possible vertices

no free quarks and gluons (partons), only bound states (hadrons)
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α α
αs

∼ α2αs

theory describes partons, experiments observe hadrons
two possibilities

model parton → hadron transition
define appropriate final states → Jets

Jets
experimentally hadrons with common momentum direction
theoretically partons with common momentum direction
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Jet observables

Jet algorithm (Durham)

1. define minimum separation 

2. calculate distance measure                             

3. particles are merged into clusters if

4. Go to 2 until no more pairs with                  are left

ycut

yij < ycut

yij < ycut

yij = 2 min(E2
i , E2

j ) (1− cosΘij)

yijOther algorithms differ in definition of        (JADE, Geneva, ...)

Measured observable: n-jet rate Rn(ycut,
√

s) =
σn−jet

σhad

       : totally inclusive cross section for σhad e+e− → hadrons
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→ define mapping 
Example Thrust (used throughout this talk)

Event-shape observables

{pi}→ x

T = max
!n

∑
i |!pi · !n|∑

i |!pi|T = max
!n

∑
i |!pi · !n|∑

i |!pi|

Jet Observables

Event shape variables
assign a number x to a set of final state momenta: {p}i → x

e.g. Thrust in e+e−

T = max!n

Pn
i=1 |!pi · !n|

Pn
i=1 |!pi|

limiting values:

back-to-back (two-jet) limit: T = 1

spherical limit: T = 1/2

E
cm

=91.2 GeV

E
cm

=133 GeV

E
cm

=161 GeV

E
cm

=172 GeV

E
cm

=183 GeV

E
cm

=189 GeV

E
cm

=200 GeV

E
cm

=206 GeV

T

ALEPH

O(
s
2) + NLLA

1
/

 d
/d

T

10
-2

10
-1

1

10

10
2

10
3

10
4

10
5

10
6

10
7

0.6 0.65 0.7 0.75 0.8 0.85 0.9 0.95 1

can be used as precision measurement of αs: (based on NLO)
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determination of      from LEP data over large energy range

high statistics
clean environment for QCD calculations

Enormous progress over the past 25 years, latest result up 
to NNLO+NNLL in QCD

αs from jet observables

αs (MZ) = 0.1224± 0.0009 (stat)± 0.0009 (exp)± 0.0012 (had)± 0.0035 (theo)
Dissertori, Gehrmann, Luisoni, et.al. 06/2009
first NLO calculation Ellis, Ross, Terrano 1981

αs
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Jet rates and event-shape observables very well suited for 
determination of      from LEP data over large energy range

high statistics
clean environment for QCD calculations

Enormous progress over the past 25 years, latest result up 
to NNLO+NNLL in QCD

αs from jet observables

αs (MZ) = 0.1224± 0.0009 (stat)± 0.0009 (exp)± 0.0012 (had)± 0.0035 (theo)
Dissertori, Gehrmann, Luisoni, et.al. 06/2009
first NLO calculation Ellis, Ross, Terrano 1981

αs

more involved since photon and weak gauge bosons connect 
initial and final state → rest of the talk

at this theo. precision also NLO electroweak effects become 
important: NNLO QCD                 ,   NLO EW α2

s ∼ 0.01 αEW ∼ 0.008
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QCD at e+e- colliders

Inventory of the calculation

Results

Summary and conclusions
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IR divergencies for small   or special collinear configurations → regulate with small 
photon and fermion masses, leads to singular logarithms 

Properties of the NLO corrections
l

l
∼ ln (mγ) , ln (mf )
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phase-space integration in real corrections
IR divergencies due to soft photon/gluon emission or collinear photon/gluon 
emission in the case of vanishing fermion masses
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integrate over loop momentum    in virtual correction
UV divergencies for large  → renormalisation procedure, redef. of phys. parameters
IR divergencies for small   or special collinear configurations → regulate with small 
photon and fermion masses, leads to singular logarithms 

Properties of the NLO corrections
l

l
∼ ln (mγ) , ln (mf )

for infrared-safe observables
BN theorem: soft divergencies cancel between virtual and real corrections
KLN theorem: collinear divergencies in final state cancel between virtual and real 
corrections
initial-state collinear radiation regularised by electron mass and suppressed by cut 
on production angle

l

phase-space integration in real corrections
IR divergencies due to soft photon/gluon emission or collinear photon/gluon 
emission in the case of vanishing fermion masses
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initial-state photons lead to difficulties in reconstruction of 
total energy of final state

devise cuts to limit influence of initial-state photons (ALEPH)
1. accept only particles with production angle 
2. cluster particles according to Durham algorithm with
3. remove events where photonic energy in jet is > 90% (       )
4. calculate visible invariant mass    of final state and accept event 

only if                    (      )

Experimental event selection

s′/s > 0.81

ycut = 0.002
zcut

s′

cos θi < cos θcut

scut
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initial-state photons lead to difficulties in reconstruction of 
total energy of final state

devise cuts to limit influence of initial-state photons (ALEPH)
1. accept only particles with production angle 
2. cluster particles according to Durham algorithm with
3. remove events where photonic energy in jet is > 90% (       )
4. calculate visible invariant mass    of final state and accept event 

only if                    (      )

Experimental event selection

step 3 leads to potential problems in perturbative calculations
remove events where photon and quark are collinear

→ observable no longer infrared-safe

→ cancellation of collinear divergencies between virtual and real 
corrections no longer guaranteed
way out: use photon fragmentation function to restore infrared safety

s′/s > 0.81

ycut = 0.002
zcut

s′

cos θi < cos θcut

scut
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For EW corrections calculate ~ 200 different diagrams

2 pentagons

5 boxes

vertices, self-energies

Virtual corrections - Survey of diagrams

22 CHAPTER 2. STRATEGY OF THE CALCULATION
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Figure 2.6: Diagrams for the γgqq̄, Zgqq̄, eeqq̄, and eeqq̄g vertex functions.

In total we have O(200) contributing diagrams in the ’t Hooft–Feynman gauge for
the process with gluon emission and O(80) for the process without gluon emission,
counting closed fermion loop diagrams for each family only once.

The NLO QCD virtual corrections receive contributions from self-energy, vertex,
and box diagrams. The corresponding Feynman diagrams are shown in Fig. 2.7, where
we have omitted quark self-energy contributions. We do not depict diagrams which can
be obtained by either reversing the charge flow of the external quark lines in the first
two diagrams or the external lepton lines in the third diagram of Fig. 2.7. In total we
have O(20) contributing diagrams in this case.

In the following we describe how we algebraically simplify the loop amplitudes.

2.2.1 Algebraic reduction of spinor chains

We generated the amplitudes using the program FeynArts version 3.2 [66] and em-
ployed the program FormCalc version 5 [67] to algebraically manipulate the ampli-
tudes, which led to 150 different spinor structures. In order to reduce the number of
spinor structures, we applied the algorithm described in Ref. [68] and extended it to the
case with one external gauge boson. It is possible to reduce all occurring spinor chains
to O(20) standard structures, the standard matrix elements (SMEs), without creating

e

e

q
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ge
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In total we have O(200) contributing diagrams in the ’t Hooft–Feynman gauge for
the process with gluon emission and O(80) for the process without gluon emission,
counting closed fermion loop diagrams for each family only once.

The NLO QCD virtual corrections receive contributions from self-energy, vertex,
and box diagrams. The corresponding Feynman diagrams are shown in Fig. 2.7, where
we have omitted quark self-energy contributions. We do not depict diagrams which can
be obtained by either reversing the charge flow of the external quark lines in the first
two diagrams or the external lepton lines in the third diagram of Fig. 2.7. In total we
have O(20) contributing diagrams in this case.

In the following we describe how we algebraically simplify the loop amplitudes.

2.2.1 Algebraic reduction of spinor chains

We generated the amplitudes using the program FeynArts version 3.2 [66] and em-
ployed the program FormCalc version 5 [67] to algebraically manipulate the ampli-
tudes, which led to 150 different spinor structures. In order to reduce the number of
spinor structures, we applied the algorithm described in Ref. [68] and extended it to the
case with one external gauge boson. It is possible to reduce all occurring spinor chains
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For QCD corrections calculate ~ 20 different diagrams
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generation of Feynman diagrams with FeynArts

algebraic simplifications using FormCalc and Mathematica code
write 1-loop amplitude

Standard Matrix Elements              contain all information on helicities 

use 4D of space-time to write product of Dirac chains

Virtual corrections - Technical details

Mσσ′λ
1 =

∑

n

F σσ′λ
n ({s, sij , tli})M̂σσ′λ

n (k1, k2, k3, k4, k5)

M̂σσ′λ
n

v̄k2 !εγµγνuk1 ūk3 !k2γµγνvk4 = − 64A1A2

t213t14t23t24
ε · k2v̄k2 !k3uk1 ūk3 !k1vk4} }

DC 1 DC 2

} }

DC 1 DC 2
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generation of Feynman diagrams with FeynArts

algebraic simplifications using FormCalc and Mathematica code
write 1-loop amplitude

Standard Matrix Elements              contain all information on helicities 

use 4D of space-time to write product of Dirac chains

Virtual corrections - Technical details

Mσσ′λ
1 =

∑

n

F σσ′λ
n ({s, sij , tli})M̂σσ′λ

n (k1, k2, k3, k4, k5)

M̂σσ′λ
n

v̄k2 !εγµγνuk1 ūk3 !k2γµγνvk4 = − 64A1A2

t213t14t23t24
ε · k2v̄k2 !k3uk1 ūk3 !k1vk4} }

DC 1 DC 2

} }

DC 1 DC 2

reduce ~150 Dirac structures to ~20 SMEs → reduction of size 
of amplitude by factor 1/2

efficient evaluation of SMEs using Weyl-van der Waerden 
formalism

}
SME
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Virtual corrections - Technical details
for calculation of loop integrals use COLI library of A. Denner

tensor reduction according to Denner-Dittmaier algorithm

scalar integrals evaluated using standard techniques

→  numerically stable results also in exceptional phase-space points

use fermion masses only as regulators 
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Virtual corrections - Technical details
for calculation of loop integrals use COLI library of A. Denner

tensor reduction according to Denner-Dittmaier algorithm

scalar integrals evaluated using standard techniques

→  numerically stable results also in exceptional phase-space points

use fermion masses only as regulators 

gauge boson widths are treated in complex-mass scheme

replace 

define complex weak mixing angle

 gauge-invariant result

 valid everywhere in phase space

M2
V → µ2

V = M2
V − iMV ΓV , V = W, Z

cos θw =
µ2
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µ2
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Real corrections - Overview

calculate Feynman diagrams “by hand” using WvdW formalism
perform phase-space integration numerically
→ cancellation of IR divergencies delicate

divide corrections into finite and singular piece and treat 
singular piece analytically

exact cancellation of singularities between virtual and real corrections

possible to work in massless approximation in finite piece and use 
fermion masses only as regulators in singular piece
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Real corrections - Overview

calculate Feynman diagrams “by hand” using WvdW formalism
perform phase-space integration numerically
→ cancellation of IR divergencies delicate

divide corrections into finite and singular piece and treat 
singular piece analytically

exact cancellation of singularities between virtual and real corrections

possible to work in massless approximation in finite piece and use 
fermion masses only as regulators in singular piece

two approaches: phase-space slicing and dipole subtraction

Both algorithms rely on analytical integration over full 
photonic phase-space → need extension for event selection 
used in experiment
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non-collinear-safe subtraction worked out by Dittmaier, Kasprzik

Real corrections - Technical details

for phase-space slicing consider collinear final-state radiation
without hard-photon cut qh = qf

z qf

kγ = 1−z
z qfdσfinal

coll. =
4∑

i=3

α

2π
Q2

i dσBorn(qi)
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non-collinear-safe subtraction worked out by Dittmaier, Kasprzik

Real corrections - Technical details

for phase-space slicing consider collinear final-state radiation
without hard-photon cut qh = qf

z qf
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Idea: proceed as in parton distributions and factorise singular piece 
into experimentally determined photon fragmentation function

Photon fragmentation function

⇒
∫

dσIR−safe =
∫

dσvirt +
∫

dσreal(z′cut) +
∫

dσfrag(z′cut)
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Idea: proceed as in parton distributions and factorise singular piece 
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Idea: proceed as in parton distributions and factorise singular piece 
into experimentally determined photon fragmentation function

Photon fragmentation function
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∫
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Event-shape observables in perturbation theory
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calculate h.o. LL corrections using structure-function approach
calculate        up to           with the same event selection as in 
the case of three-jet production

Implementation

O(α)σhad
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calculate h.o. LL corrections using structure-function approach
calculate        up to           with the same event selection as in 
the case of three-jet production

Implementation

O(α)

→ put different contributions in parton-level Monte-Carlo 
event generator (based on POLE by C. Meier) extended to
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weak          include weak and fermionic loops, contribute between -6% and +5%

full          mostly between -10% and +30%, radiative return for 

h.o.LL increases corrections below 60 GeV and above 120 GeV, decrease between
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Corrections above Z peak
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denoted by MV and ΓV . The relation between the two sets is given by [109]

MV = MLEP
V /

√

1 + (ΓLEP
V /MLEP

V )2, ΓV = ΓLEP
V /

√

1 + (ΓLEP
V /MLEP

V )2, (4.2)

leading to

MW = 80.375 . . . GeV, ΓW = 2.140 . . . GeV,
MZ = 91.1535 . . . GeV, ΓZ = 2.4943 . . . GeV. (4.3)

The scale dependence of αs is determined according to the three-loop running [see
Eq. (1.11)]. The number of active flavours is nF = 5 below mt which leads to Λ5 = 0.221.
Above mt we use six active flavours and obtain Λ6 = 0.089. This results for example in
αs (206 GeV) = 0.1050 and αs (500 GeV) = 0.0949.

We neglect effects due to quark mixing and set the CKM matrix to unity. Through-
out this work, we parametrise the couplings appearing in LO in the Gµ scheme, whereas
we fix the electromagnetic coupling appearing in the relative corrections by α = α(0)
(see Section 3.3). If not stated otherwise, we use the following set of parameters for the
event selection:

cos θcut = 0.965, scut = 0.81, zcut = 0.9, ycut = 0.002, (4.4)

according to the event-selection criteria used in the ALEPH analysis [61] and employ the
Durham jet algorithm together with the P0 recombination scheme for the reconstruction
of isolated photons (see Section 1.2.1).

As mentioned in Section 3.2, we implement a cut such that the singularity in the
two-jet region is avoided. This cut requires the variables T , ρ, BT, BW , and C to
be greater than 0.005, whereas Y3 and ycut for σ3−jet are required to be greater than
0.00005. In this way the cut influences only the first bin of the respective distribution.

4.2 Checks of the calculation

To prove the reliability of our results, we performed the following checks:

• UV finiteness is checked through varying the reference scale µ of dimensional
regularisation and finding that our results are independent of this variation.

• IR finiteness is verified through varying the infinitesimal photon mass mγ and
observing that the sum of the virtual corrections and the soft-photonic corrections
in both the slicing and subtraction approach is invariant.

• Mass singularities related to collinear photon emission or exchange are shown to
cancel between the virtual and the subtraction endpoint contributions by varying
the small masses of the external fermions.

Chapter 4

Results

In this chapter we present the results obtained with the program EW3J as discussed
in Chapter 3. In Section 4.1 we describe our choice of input parameters. In Section 4.2
we discuss a number of checks we performed to prove the reliability of our results. In
Section 4.3 we give the results for the total hadronic cross section for various energies
as needed in the normalisation of the distributions as derived in Section 1.2.3. In Sec-
tion 4.4 we display our findings for jet rates and event-shape distributions according to
the discussion in Sections 1.2.1 and 1.2.2. The event-selection and particle identification
is realised as highlighted in Section 3.2. The same criteria are applied in the calculation
of σhad and the jet rates and event-shape distributions. We investigate the effect of
these event-selection cuts on the shape of the distributions in Section 4.5, using thrust
as an example. In Section 4.6 we compare our findings to results already existing in
the literature.

4.1 Input parameters and setup

We use the following set of input parameters [108],

Gµ = 1.16637 × 10−5 GeV−2, α(0)= 1/137.03599911, αGµ = 1/132.43421099
αs(MZ) = 0.1176,
MLEP

W = 80.403 GeV, ΓLEP
W = 2.141 GeV,

MLEP
Z = 91.1876 GeV, ΓLEP

Z = 2.4952 GeV,
me = 0.51099892 MeV, mt = 171.0 GeV, MH = 120 GeV. (4.1)

We employ the complex-mass scheme [72], where a fixed width enters the resonant
W- and Z-boson propagators, in contrast to the approach used at LEP to fit the W and
Z resonances, where running widths are taken. Therefore, we have to convert the “on-
shell” values of MLEP

V and ΓLEP
V (V = W, Z), resulting from LEP, to the “pole values”

61

Gµ
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Durham jet algorithm together with the P0 recombination scheme for the reconstruction
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As mentioned in Section 3.2, we implement a cut such that the singularity in the
two-jet region is avoided. This cut requires the variables T , ρ, BT, BW , and C to
be greater than 0.005, whereas Y3 and ycut for σ3−jet are required to be greater than
0.00005. In this way the cut influences only the first bin of the respective distribution.

4.2 Checks of the calculation

To prove the reliability of our results, we performed the following checks:

• UV finiteness is checked through varying the reference scale µ of dimensional
regularisation and finding that our results are independent of this variation.

• IR finiteness is verified through varying the infinitesimal photon mass mγ and
observing that the sum of the virtual corrections and the soft-photonic corrections
in both the slicing and subtraction approach is invariant.

• Mass singularities related to collinear photon emission or exchange are shown to
cancel between the virtual and the subtraction endpoint contributions by varying
the small masses of the external fermions.

event selection based on four parameters
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Three-jet rate
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Dependence of results on es parameters
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different group already has published results

do not consider        final states

not normalised to 

calculate event-shape observables from jet momenta and impose 
lower cut-off on jet energy
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Comparison to related work

not clear how event selection is realised in NLO calculation

→ difficult to perform tuned comparison

agree on relative size of full          and h.o.LL improved results O(α)

σhad

qq̄γ

different group already has published results

do not consider        final states

not normalised to 

calculate event-shape observables from jet momenta and impose 
lower cut-off on jet energy


